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Abstract

The propose of this paper is to introduce and investigate a weak form of ω-open set in grill
topological spaces. We introduce the notion of Gω-open set as a form stronger than βω-open set
and weaker than ω-open set and Gβ-open set. By using this form, we study the generalization
property, the interior operator, closure operator and θ-cluster operator.
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1 Introduction

In 1982 Hdeib [1], introduced the notion of w-open set as a weaker form of open set in topological
spaces and by using this notion, [2] introduced the generalization property of ω-open sets. In
1983 [3] introduced the notion of β-open set which is one of the famous weak forms of open set in
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topological spaces. Under the notions of ω-open sets and β-open sets, [4] introduced the notion of
βω-open set as a weak form for ω-open sets and β-open sets.

For the study of grill topological spaces, [5] introduced the concept of a grill on any nonempty
sets. In 2007 [6] used the Kuratowski closure operator to define and introduce the concept of grill
topological space. By using the notion of grill topological space, many mathematicians introduced
and investigated weak and strong forms of open sets such us in 2011, [7] introduced the notion of
Gβ-open sets as a strong form of β-open sets.

In this paper, we introduce the notion of Gω-open set as a form stronger than βω-open set and
weaker than ω-open set and Gβ-open set. This paper is organized as follows. In Section 3, we
introduce the concept of Gω-open sets and we give its relationship with the other known sets. In
Section 4, we study the interior operator, closure operator and θ-cluster operator via the class of
Gω-open sets in grill topological spaces. In Section 5, we study and investigate the generalization
property of Gω-open sets.

2 Preliminaries

By Cl(A) and Int(A) we mean the closure set and the interior set of A in topological space (X, τ),
respectively.

Theorem 2.1. [8] For a topological space (X, τ) and A,B ⊆ X, if B is an open set in X then
Cl(A) ∩B ⊆ Cl(A ∩B).

Theorem 2.2. [8] For a topological space (X, τ),

1. Cl(X −A) = X − Int(A) for all A ⊆ X.

2. Int(X −A) = X − Cl(A) for all A ⊆ X.

Definition 2.3. [8] For a topological space (X, τ) and E ⊆ X, the relativization topology of τ to
E is denoted by τ |E and defined by

τ |E = {G ∩ E : G is an open set in X}.

We say the pair (E, τ |E) ia a subspace of (X, τ).

Let (E, τ |E) be a subspace of a topological space (X, τ). For a subset A of E, the τ |E-closure
operator of A is a set defined as the intersection of all closed subsets of E containing A and denoted
by Cl|E(A). The τ |E-interior operator of A is a set defined as the union of all open subsets of E
contained in A and denoted by Int|E(A).

Theorem 2.4. [8] Let (E, τ |E) be a subspace of a topological space (X, τ). For a subset A of E:

1. A is a closed in E if and only if A = F ∩ E for some closed set F in X.

2. Cl|E(A) = Cl(A) ∩ E.

3. Int(A) ⊆ Int|E(A).

Definition 2.5. [9] A topological space (X, τ) is called T1/2-space if every g-closed set is a closed
set.

Theorem 2.6. [10] A topological space (X, τ) is T1/2-space if and only if every singleton set is
open or closed set.
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Definition 2.7. [11] Let (X, τ) be a topological space and A ⊆ X. A point x ∈ X is called θ-cluster
point of A if Cl(U) ∩A ̸= ∅ for every open set U in X containing x.

The set of all θ-cluster points of A is called the θ-cluster set of A and denoted by Clθ(A). A subset
A of topological space is called θ-closed set in X, [10], if Clθ(A) = A. The complement of θ-closed
set in X is called θ-open set in X.

Theorem 2.8. [11] Every θ-closed set is closed set.

Definition 2.9. [1] A subset A of a space X is called ω-open set if for each x ∈ A, there is an open
set Ux containing x such that Ux − A is a countable set. The complement of ω-open set is called
ω-closed set.

Theorem 2.10. [1] Every open set is ω-open set.

Definition 2.11. [[3]] A subset A of a space X is called a β-open set if A ⊆ Cl(Int(Cl(A))). The
complement of β-open set is called β-closed set.

It is clear that every open set is β-open set.

Definition 2.12. A function f : (X, τ) → (Y, ρ) is a β-continuous function if f−1(U) is β-open
set in X for every open set U in Y .

Recall [[3]] that every continuous function is β-continuous function.

Definition 2.13. [4] A subset A of a topological space (X, τ) is called βω-open set if A ⊆
Cl(Intω(Cl(A))). The complement of βω-open set is called βω-closed set.

Theorem 2.14. [4] Every ω-open set is βω-open set and every β-open set is βω-open set.

Definition 2.15. [9] A subset A of a topological space (X, τ) is called a generalized closed (simply
g-closed) set if Cl(A) ⊆ U whenever A ⊆ U and U is an open subset of (X, τ). The complement of
g-closed set is called a generalized open (simply g-open) set.

Theorem 2.16. [9] Every closed set is g-closed set.

A collection G of subsets of a topological spaces (X, τ) is said to be a grill [5] on X if G satisfies
the following conditions:

1. ∅ /∈ G;
2. A ∈ G and A ⊆ B implies that B ∈ G;
3. A,B ⊆ X and A ∪B ∈ G implies that A ∈ G or B ∈ G.

For a grill G on a topological space X, an operator from the power set P (X) of X to P (X) was
defined in [6] in the following manner : For any A ∈ P (X),

Φ(A) = {x ∈ X : U ∩A ∈ G, for each open neighborhood U of x}.

Then the operator Ψ : P (X) → P (X), given by Ψ(A) = A ∪ Φ(A), for A ∈ P (X), was also shown
in [6] to be a Kuratowski closure operator, defining a unique topology τG on X such that τ ⊆ τG .
This topology defined by

τG = {U ⊆ X : Ψ(X − U) = X − U},
where τ ⊆ τG and for any A ⊆ X, Ψ(A) = GCl(A) such that GCl(A) denotes the set of all closure
points of A in topological space (X, τG). The set of all interior points of A in topological space
(X, τG) denoted by GInt(A).

If (X, τ) is a topological space and G is a grill on X then the triple (X, τ,G) will be called a grill
topological space.
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Theorem 2.17. [6] Let (X, τ,G) be a grill topological space. Then for A,B ⊆ X, the following
properties hold:

1. A ⊆ B implies that Φ(A) ⊆ Φ(B).

2. Φ(A ∪B) = Φ(A) ∪ Φ(B).

3. Φ(Φ(A)) ⊆ Φ(A) = Cl(Φ(A)) ⊆ Cl(A).

4. If U ∈ τ then U ∩ Φ(A) ⊆ Φ(U ∩A).

Theorem 2.18. [7] If A is a subset of a grill topological space (X, τ,G) and U is an open set in
(X, τ) then U ∩Ψ(A) ⊆ Ψ(U ∩A).

Definition 2.19. [7] A subset A of a grill topological space (X, τ,G) is called Gβ-open set if
A ⊆ Cl(Int(Ψ(A))). The complement of Gβ-open set is called Gβ-closed set.

Recall [7] that every open set in (X, τ) is Gβ-open set in a grill topological space (X, τ,G) and every
Gβ-open set in (X, τ,G) is β-open set in (X, τ).

3 Gω-Open Sets

For a topological space (X, τ) and A ⊆ X, the ω-closure operator of A is a set defined as the
intersection of all ω-closed subsets of X containing A and denoted by Clω(A). The ω-interior
operator of A is a set defined as the union of all ω-open subsets of X contained in A and denoted
by Intω(A).

Definition 3.1. A subset G of grill topological space (X, τ,G) is called Gω-open set if G ⊆
Cl(Intω(Ψ(G))). The complement of Gω-open set is called Gω-closed set.

In any grill topological space (X, τ,G) with a countable set X, it is clear that all subsets of X are
both Gω-open sets and Gω-closed sets. So any ω-open set is Gω-open set but the converse no need
to be true. For example, let (R, τ,G) be a grill topological space on the set of real numbers R with
τ = {∅,R,R− {1}} and G = P (R)− {∅}. The set {2} is Gω-open set but not ω-open set.

Theorem 3.2. Every Gω-open set in a grill topological space (X, τ,G) is βω-open set in a space
(X, τ).

Proof. Let G be Gω-open subset of a grill topological space (X, τ,G). Then

G ⊆ Cl(Intω(Ψ(G))) ⊆ Cl(Intω(Cl(G))).

That is, G is βω-open set in a space (X, τ).

The converse of above theorem no need to be true.

Example 3.3. Let (R, τ,G) be a grill topological space on the set of real numbers R with τ =
{∅,R,R− {1}} and G = {R}. The set {2} is βω-open set but not Gω-open set.

Theorem 3.4. Every Gβ-open set is Gω-open set.

Proof. Similar for the proof of Theorem(3.2).

The converse of above theorem no need to be true.

Example 3.5. Let (X, τ,G) be a grill topological space on the setX = {a, b, c} with τ = {∅, X, {a}}
and G = P (X)− {∅}. The set {b, c} is Gω-open set but not Gβ-open set.
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Theorem 3.6. A subset G of a grill topological space (X, τ,G) is Gω-closed set if and only if
Int[Clω (GInt(G))] ⊆ G.

Proof. Let G be any Gω-closed set in grill topological space (X, τ,G). That is, X − G is Gω-open
set in grill topological space (X, τ,G). Then we have

(X −G) ⊆ Cl[Intω(Ψ(X −G))].

By using Theorems (2.2), this implies

(X −G) ⊆ Cl[Intω(Ψ(X −G))] = Cl[Intω(GCl(X −G))]

= Cl[Intω(X − GInt(G))] = Cl[X − Clω(GInt(G))]

= X − Int[Clω(GInt(G))].

Hence Int[Clω (GInt(G))] ⊆ G. The conversely is similar.

Theorem 3.7. Let (X, τ,G) be a grill topological space. If Gk is Gω-open set for each k ∈ I then
∪k∈IGk is Gω-open set, where I is an index set.

Proof. Since Gk is Gω-open set for each k ∈ I then Gk ⊆ Cl[Intω(Ψ(Gk))] for each k ∈ I. Then by
Theorem (2.17),

∪k∈IGk ⊆ ∪k∈ICl[Intω(Ψ(Gk))] ⊆ Cl[∪k∈IIntω(Ψ(Gk))]

⊆ Cl[Intω(∪k∈IΨ(Gk))] ⊆ Cl[Intω(∪k∈I(Gk ∪ Φ(Gk))]

⊆ Cl[Intω((∪k∈IGk) ∪ (∪k∈IΦ(Gk))]

⊆ Cl[Intω(∪k∈IGk ∪ Φ(∪k∈IGk))]

= Cl[Intω(Ψ(∪k∈IGk))].

Hence ∪k∈IGk is Gω-open set.

The intersection of two Gω-open sets no need to be Gω-open set.

Example 3.8. Let (R, τ,G) be a grill topological space on the set of real numbers R with τ =
{∅,R,R − {1}} and G = P (R) − {∅}. The sets G = {1, 2} and H = {1, 3} are Gω-open sets but
G ∩H = {1} is not Gω-open set.

Theorem 3.9. Let (X, τ,G) be a grill topological space. If G is an open set in (X, τ) and H is
Gω-open set then G ∩H is Gω-open set.

Proof. Since H is Gω-open set then H ⊆ Cl[Intω(Ψ(H))]. Then by Theorems (2.17) and (2.1),

G ∩H ⊆ G ∩ Cl[Intω(Ψ(H))] ⊆ Cl[G ∩ Intω(Ψ(H))]

= Cl[Intω(G) ∩ Intω(Ψ(H))] = Cl[Intω(G ∩Ψ(H))]

⊆ Cl[Intω(Ψ(G ∩H))].

Hence G ∩H is Gω-open set.

We mean by bitopological space is a triple (X, τ, ρ) consists two topologies τ and ρ on a set
X. A subset G ⊆ X is said to be ω(τ, ρ)-open set in a bitopological space (X, τ, ρ) if G ⊆
τCl[τIntω(ρCl(G))]. The complement of ω(τ, ρ)-open set is said to be ω(τ, ρ)-closed set.

Theorem 3.10. A subset G ⊆ X is Gω-open set in grill topological space (X, τ,G) if and only if
it is ω(τ, τG)-open set in bitopological space (X, τ, τG).
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Proof. It is clear from the definitions and Ψ(G) = GCl(G) = τGCl(G).

Theorem 3.11. A subset G of a bitopological space (X, τ, ρ) is ω(τ, ρ)-closed set if and only if

τInt[τClω(ρInt(G))] ⊆ G.

Proof. Let G be any ω(τ, ρ)-closed set in bitopological space (X, τ, ρ). That is, X−G is ω(τ, ρ)-open
set in bitopological space (X, τ, ρ). Hence

(X −G) ⊆ τCl[τIntω(ρCl(X −G))].

By using Theorems (2.2), we get that

(X −G) ⊆ τCl[τIntω(ρCl(X −G))] = τCl[τIntω(X − ρInt(G))]

= τCl[X − τClω(ρInt(G))] = X − τInt[τClω(ρInt(G))].

Hence τInt[ρCl(ρInt(G))] ⊆ G. The conversely is similar.

Theorem 3.12. Let E be an open subset of a grill topological space (X, τ,G). If G is Gω-open
set in (X, τ,G) then G ∩ E is ω(τ |E , τG |E)-open set in bitopological space (E, τ |E , τG |E).

Proof. Since G is Gω-open set in (X, τ,G) then G ⊆ Cl[Intω(Ψ(G))]. Then by Theorems (2.17),
(2.4) and (2.1),

G ∩ E ⊆ Cl[Intω(Ψ(G))] ∩ E = Cl[Intω(Ψ(G))] ∩ E ∩ E

⊆ Cl[Intω(Ψ(G)) ∩ E] ∩ E = Cl|E [Intω(Ψ(G)) ∩ E]

= Cl|E [Intω(Ψ(G)) ∩ Intω(E)] = Cl|E [Intω(Ψ(G) ∩ E)]

= Cl|E [Intω(Ψ(G) ∩ E ∩ E)] ⊆ Cl|E [Intω(Ψ(G ∩ E) ∩ E)]

⊆ Cl|E [Intω|E(Ψ(G ∩ E) ∩ E)] = Cl|E [Intω|E(GCl(G ∩ E) ∩ E)]

= Cl|E [Intω|E(GCl|E(G ∩ E))].

Hence G ∩ E is ω(τ |E , τG |E)-open set in (E, τ |E , τG |E).

Corollary 3.13. Let E be an open subset of a grill topological space (X, τ,G). If G is Gω-closed
set in (X, τ,G) then G ∩ E is ω(τ |E , τG |E)-closed set in in bitopological space (E, τ |E , τG |E).

Proof. Let G be Gω-closed set in (X, τ,G). Then X −G is Gω-open set in (X, τ,G). By the above
theorem, E −G = (X −G) ∩ E is ω(τ |E , τG |E)-open set in (E, τ |E , τG |E). Hence

E − (E −G) = E − (E ∩ (X −G)) = E ∩ [(X − E) ∪G] = G ∩ E

is ω(τ |E , τG |E)-closed set in (E, τ |E , τG |E).

Theorem 3.14. Let E be an open subset of a grill topological space (X, τ,G). If G is ω(τ |E , τG |E)-
open set in bitopological space (E, τ |E , τG |E) then G is Gω-open set in (X, τ,G).

Proof. Since G is ω(τ |E , τG |E)-open set in (E, τ |E , τG |E) then

G ⊆ Cl|E [Intω|E(GCl|E(G))].

Then by Theorems (2.17), (2.4) and (2.1),

G ⊆ Cl|E [Intω|E(GCl|E(G))] = Cl[Intω|E(GCl|E(G))] ∩ E

⊆ Cl[Intω|E(GCl|E(G)) ∩ E] = Cl[Intω|E(GCl|E(G))]

= Cl[Intω(GCl|E(G))] = Cl[Intω(GCl|(G) ∩ E)]

⊆ Cl[Intω(GCl(G ∩ E))] = Cl[Intω(GCl(G))]

= Cl[Intω(Ψ(G))].

Hence G is Gω-open set G in (X, τ,G).
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Corollary 3.15. Let E be an open subset of a grill topological space (X, τ,G). If G is ω(τ |E , τG |E)-
closed set in bitopological space (E, τ |E , τG |E) then G is Gω-closed set in (X, τ,G).

4 Gω-Operators

Definition 4.1. Let (X, τ,G) be a grill topological space and G ⊆ X.

1. The Gω-closure operator of G is denoted by GωCl(G) and defined by

GωCl(G) = ∩{H ⊆ X : G ⊆ H and H ∈ Gω
C(X, τ)}.

That is, GωCl(G) is the intersection of all Gω-closed sets containing G.

2. The Gω-interior operator of G is denoted by GωInt(G) and defined by

GωInt(G) = ∪{H ⊆ X : H ⊆ G and H ∈ Gω
O(X, τ)}.

That is, GωInt(G) is the union of all Gω-open sets contained in G.

3. The θ−Gω-cluster operator of G is defined by the set of all θ−Gω-cluster points of G and
denoted by GωClθ(G). A point x ∈ X is called θ−Gω-cluster point of G if GωCl(U)∩G ̸= ∅
for every Gω-open set U in (X, τ,G) containing x.

Theorem 4.2. Let (X, τ,G) be a grill topological space and G ⊆ X. Then GωInt(G) = G if and
only if G is a Gω-open set.

Proof. Let GωInt(G) = G. Then from definition of GωInt(G) and Theorem (3.7), GωInt(G) is
Gω-open set and so G is Gω-open set.

Conversely, we have GωInt(G) ⊆ G by the definition. Since G is a Gω-open set, then it is clear from
the definition of GωInt(G), G ⊆ GωInt(G). Hence G = GωInt(G).

Theorem 4.3. Let (X, τ,G) be a grill topological space and G ⊆ X. Then GωCl(G) = G if and
only if G is a Gω-closed set.

Proof. Similar for proof of Theorem (4.2).

Theorem 4.4. Let (X, τ,G) be a grill topological space and G ⊆ X. Then x ∈ GωInt(G) if and
only if there is Gω-open set U such that x ∈ U ⊆ G.

Proof. Let x ∈ GωInt(G) and take U = GωInt(G). Then by Theorem (3.7) and definition of

GωInt(G) we get that U is a Gω-open set and x ∈ U ⊆ G.

Conversely, Let there is Gω-open set U such that x ∈ U ⊆ G. Then by definition of GωInt(G),
x ∈ U ⊆ GωInt(G).

Theorem 4.5. Let (X, τ,G) be a grill topological space and G ⊆ X. Then x ∈ GωCl(G) if and
only if for all Gω-open set U containing x, U ∩G ̸= ∅.

Proof. Let x ∈ GωCl(G) and U be Gω-open set containing x. If U ∩G = ∅ then G ⊆ X − U . Since
X −U is a Gω-closed set containing G, then GωCl(G) ⊆ X −U and so x ∈ GωCl(G) ⊆ X −U . This
is contradiction, because x ∈ U . Therefore U ∩G ̸= ∅.

Conversely, Let x /∈ GωCl(G). Then X−GωCl(G) is Gω-open set containing x. Hence by hypothesis,
[X − GωCl(G)] ∩G ̸= ∅. This is contradiction, because X − GωCl(G) ⊆ X −G.

Theorem 4.6. Let (X, τ,G) be a grill topological space and G,H ⊆ X. Then the following hold:
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1. If G ⊆ H then GωInt(G) ⊆ GωInt(H).

2. GωInt(G) ∪ GωInt(H) ⊆ GωInt(G ∪H).

3. GωInt(G ∩H) ⊆ GωInt(G) ∩ GωInt(H).

4. Int(G) ⊆ GωInt(G) .

In the last theorem GωInt(G ∩H) ̸= GωInt(G) ∩ GωInt(H).

Example 4.7. In Example (3.8), the sets G = {1, 2} and H = {1, 3} are Gω-open sets in (X, τ,G).
Then GωInt(G) ∩ GωInt(H) = G ∪H = {1} and

GωInt(G ∩H) = GωInt({1}) = ∅.

Theorem 4.8. Let (X, τ,G) be a grill topological space and G,H ⊆ X. Then the following hold:

1. If G ⊆ H then GωCl(G) ⊆ GωCl(H).

2. GωCl(G) ∪ GωCl(H) ⊆ GωCl(G ∪H).

3. GωCl(G ∩H) ⊆ GωCl(G) ∩ GωCl(H).

4. GωCl(G) ⊆ Cl(G).

In the last theorem GωCl(G ∪H) ̸= GωCl(G) ∪ GωCl(H).

Example 4.9. In Example (3.8), the sets G = R− {1, 2} and H = R− {1, 3} are Gω-closed sets
in (X, τ,G). Then GωCl(G) ∪ GωCl(H) = G ∪H = R− {1} and

GωCl(G ∪H) = GωCl(R− {1}) = R.

Theorem 4.10. Let (X, τ,G) be a grill topological space and G ⊆ X. Then the following hold:

1. GωInt(X −G) = X − GωCl(G).

2. GωCl(X −G) = X − GωInt(G).

Proof. 1. Since G ⊆ GωCl(G) then X − GωCl(G) ⊆ X −G. Since X − GωCl(G) is Gω-open set in
(X, τ,G) then

X − GωCl(G) = GωInt[X − GωCl(G)] ⊆ GωInt(X −G).

For the other side, let x ∈ GωInt(X −G). Then there is Gω-open set U such that x ∈ U ⊆ X −G.
Then X − U is Gω-closed set containing G and x /∈ X − U . Hence x /∈ GωCl(G), that is, x ∈
X − GωCl(G).
2. Since GωInt(G) ⊆ G then X − G ⊆ X − GωInt(G). Since X − GωInt(G) is Gω-closed set in
(X, τ,G) then

GωCl(X −G) ⊆ GωCl[X − GωInt(G)] = X − GωInt(G).

For the other side, let x ∈ GωInt(X −G). Then there is Gω-open set U such that x ∈ U ⊆ X −G.
Then X − U is Gω-closed set containing G and x /∈ X − U . Hence x /∈ GωCl(G), that is, x ∈
X − GωCl(G).

Theorem 4.11. Let (X, τ,G) be a grill topological space and G ⊆ X. Then the following hold:

1. If H is an open set X then GωCl(G) ∩H ⊆ GωCl(G ∩H).

2. If H is a closed set X then GωInt(G ∪H) ⊆ GωInt(G) ∪H.
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Proof. (1) Let x ∈ GωCl(G) ∩ H. Then x ∈ GωCl(G) and x ∈ H. Let V be any Gω-open set in
(X, τ,G) containing x. By Theorem (3.9), V ∩H is Gω-open set containing x. Since x ∈ GωCl(G)
then by Theorem (4.5), (V ∩H)∩G ̸= ∅. This implies, V ∩ (H ∩G) ̸= ∅. Hence by Theorem (4.5),
x ∈ GωCl(G ∩ H). That is, GωCl(G) ∩ H ⊆ GωCl(G ∩ H). (2) Since H is a closed set X then by
the part (1) and Theorem (4.10),

X − [GωInt(G) ∪H] = [X − GωInt(G)] ∩ [X −H]

= [GωCl(X −G)] ∩ [X −H]

⊆ GωCl[(X −G) ∩ (X −H)]

⊆ GωCl(X −G) ∩ GωCl(X −H)

= GωCl(X −G) ∩ (X −H)

= (X − GωInt(G)) ∩ (X −H)

= X − (GωInt(G)) ∪H).

Hence GωInt(G ∪H) ⊆ GωInt(G) ∪H.

Theorem 4.12. Let E be an open subset of a grill topological space (X, τ,G) and A be a subset
of E. Then GωCl|E(G) = GωCl(G) ∩ E.

Proof. Let x ∈ GωCl|E(G) and H be Gω-open set in X containing x. By Theorem (3.12), H ∩E is
ω(τ, τG)-open set in bitopological space (E, τ |E , τG |E) containing x and since x ∈ GωCl|E(G), then
G ∩ H = (G ∩ E) ∩ H ̸= ∅. Hence by Theorem (4.5), x ∈ GωCl(G), and since x ∈ E, this implies
x ∈ GωCl(G) ∩ E. That is, GωCl|E(G) ⊆ GωCl(G) ∩ E.

On the other side, let x ∈ GωCl(G) ∩ E and O be ω(τ, τG)-open set in bitopological space
(E, τ |E , τG |E) containing x. By Corollary (3.15), O is Gω-open set in (X, τ,G). Since x ∈ GωCl(G),
then O ∩G ̸= ∅. That is, x ∈ GωCl|E(G). Hence GωCl(G) ∩ E ⊆ GωCl|E(G).

Definition 4.13. A subset G of grill topological space (X, τ,G) is called θ−Gω-closed set in
(X, τ,G) if GωClθ(G) = G. The complement of θ−Gω-closed set in (X, τ,G) is called θ−Gω-open set
in (X, τ,G).

Theorem 4.14. Every θ-closed set in a space (X, τ) is θ−Gω-closed set in grill topological space
(X, τ,G).

Proof. Let G be a θ-closed set in a space (X, τ), that is, Clθ(G) = G. It is clear that G ⊆ GωClθ(G).
We prove that GωClθ(G) ⊆ G. Let x ∈ GωClθ(G). Then GωCl(U) ∩ G ̸= ∅ for every Gω-open set
U in (X, τ,G) containing x. Since GωCl(U) ⊆ Cl(U) then Cl(U) ∩G ̸= ∅ for every Gω-open set U
in (X, τ,G) containing x. Then x ∈ Clθ(G) = G. Hence GωClθ(G) ⊆ G. That is, G is θ−Gω-closed
set in grill topological space (X, τ,G).

The converse of the last theorem need not be true.

Example 4.15. In a grill topological space (X, τ,G), where X = {1, 2, 3},

τ = {∅,X, {1, 2}} and G = {{3}, {1, 3}, {2, 3}, X},

the set {1} is θ−Gω-closed set in (X, τ,G) but it is not θ-closed set in (X, τ).

Theorem 4.16. Every θ−Gω-closed set is Gω-closed set.

Proof. Let (X, τ,G) be a grill topological space and G be θ−Gω-closed set, that is, GωClθ(G) = G.
It is clear that G ⊆ GωCl(G). We prove that GωCl(G) ⊆ G. Let x ∈ GωCl(G). Then U ∩G ̸= ∅ for
every Gω-open set U in (X, τ,G) containing x. Since U ⊆ GωCl(U) then GωCl(U)∩G ̸= ∅ for every
Gω-open set U in (X, τ,G) containing x. Then x ∈ GωClθ(G) = G. Hence GωCl(G) ⊆ G. That is,
G is Gω-closed set in grill topological space (X, τ,G).
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Theorem 4.17. For Gω-open set G in grill topological space (X, τ,G), GωClθ(G) = GωCl(G).

Proof. Let x ∈ GωCl(G). Then for every Gω-open set U in (X, τ,G) containing x, U ∩G ̸= ∅. Since
U ⊆ GωCl(U) then GωCl(U) ∩G ̸= ∅. Hence x ∈ GωCl(U). That is, GωCl(G) ⊆ GωClθ(G). For the
other side, let x ∈ GωClθ(G). Then for every Gω-open set U in (X, τ,G) containing x, GωCl(U)∩G ̸=
∅. Since G is Gω-open set U in (X, τ,G) then by Theorem (4.11), GωCl(U)∩G = GωCl(U∩G). Then

GωCl(U ∩G) ̸= ∅. Hence U ∩G ̸= ∅. That is, x ∈ GωCl(U). That is, [GωClθ(G) ⊆ GωCl(G).

Theorem 4.18. A subset U is θ−Gω-open set in grill topological space (X, τ,G) if and only if for
each x ∈ U there is Gω-open set V in (X, τ,G) containing x such that GωCl(V ) ⊆ U .

Proof. Suppose that U is θ−Gω-open set in (X, τ,G) and x ∈ U . Then

x /∈ X − U = GωClθ(X − U).

Then there is Gω-open set V in (X, τ,G) containing x such that GωCl(V ) ∩ (X − U) = ∅; That is,

GωCl(V ) ⊆ U .

Conversely, suppose that U is not θ−Gω-open set. Then X − U is not θ−Gω-closed set. That is,
there is x ∈ GωClθ(X − U) and x /∈ X − U . Since x ∈ U then by the hypothesis, there is Gω-open
set V in (X, τ,G) containing x such that GωCl(V ) ∩ U . This implies, GωCl(V ) ∩ (X − U) = ∅ and
this contradiction since x ∈ GωClθ(X − U).. Hence U is θ−Gω-open set.

5 Generalized Gω-open Sets

In this section, we study the generalization property of Gω-open sets by giving the weak form of
βω−open set, called generalized βω−open set.

Definition 5.1. A subset G of a grill topological space (X, τ,G) is called generalized Gω-closed
set (simply Gω

g -closed) if GωCl(G) ⊆ U whenever G ⊆ U and U is open subset of (X, τ,G). The
complement of Gω

g -closed set is called generalized Gω-open set (simply Gω
g -open).

Theorem 5.2. Every Gω-open set is Gω
g -open set.

Proof. Let G be Gω-open subset of a grill topological space (X, τ,G). Then X −G is Gω-closed set.
Hence X −G = GωCl(X −G) ⊆ U whenever X −G ⊆ U and U is open set. That is, G is Gω

g -open
set.

The converse of above theorem no need to be true.

Example 5.3. Let (R, τ,G) be a grill topological space on the set of real numbers R with τ = {∅,R}
and G = {R}. The set {1, 2} is Gω

g -open set and not Gω-open set.

Theorem 5.4. Let (X, τ,G) be a grill topological space. Every every gω-open set in (X, τ) is
Gω
g -open set.

Proof. It is clear that every ω-open set is Gω-open set and GωCl(G) ⊆ Clω(G).

The converse of above theorem no need to be true.

Example 5.5. Let (R, τ,G) be a grill topological space on the set of real numbers R with τ =
{∅,R,R − {1}} and G = {R}. Since R − {1} is an open set containing itself, then the set {1} is
Gω
g -open set in (R, τ,G) and not gω-open set in (R, τ).
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Theorem 5.6. Let (X, τ,G) be a grill topological space. If (X, τ) is T1/2-space then every Gω
g -

closed set in (X, τ,G) is Gω-closed set.

Proof. Let G be Gω
g -closed set in (X, τ,G). Suppose that G is not Gω-closed set. Then there is at

least x ∈ GωCl(G) such that x /∈ G. Since (X, τ) is T1/2-space then by Theorem (2.6), {x} is an
open or closed set in X. If {x} is a closed set in X then X − {x} is an open. Since x /∈ G then
G ⊆ X − {x}. Since G is Gω

g -closed set and X − {x} is an open subset of X containing G, then

GωCl(G) ⊆ X − {x}. Hence x ∈ X − GωCl(G) and this a contradiction, since x ∈ GωCl(G). If {x}
is an open set then it is Gω-open set. Since x ∈ GωCl(G) then we have {x}∩G ̸= ∅. That is, x ∈ G
and this a contradiction. Hence G is Gω-closed set in (X, τ,G).

Theorem 5.7. If G is Gω
g -closed set in a grill topological space (X, τ,G) and H is a closed set in

(X, τ) then G ∩H is Gω
g -closed set.

Proof. Let U be an open subset of (X, τ) such that G ∩H ⊆ U . Since H is a closed set in (X, τ)
then U ∪ (X − H) is an open set in (X, τ). Since G is Gω

g -closed set in X and G ⊆ U ∪ (X − H)
then GωCl(G) ⊆ U ∪ (X −H). Hence

GωCl(G ∩H) ⊆ GωCl(G) ∩ GωCl(H) ⊆ GωCl(G) ∩ Cl(H)

= GωCl(G) ∩H ⊆ [U ∪ (X −H)] ∩H

⊆ U ∩H ⊆ U.

Thus, G ∩H is Gω
g -closed set.

Theorem 5.8. For any x ∈ X in a grill topological space (X, τ,G), either the set {x} is Gω-closed
set or the set X − {x} is Gω

g -closed set in (X, τ,G).

Proof. If {x} is not Gω-closed set in (X, τ,G) then {x} is not closed set in X and so X −{x} is not
open set inX. Then the setX is only open set in itself containing {x} and hence GωCl(X−{x}) ⊆ X.
That is, X − {x} is Gω

g -closed set in (X, τ,G).

Theorem 5.9. A subset G of a grill topological space (X, τ,G) is Gω
g -closed if and only if for each

x ∈ GωCl(G), Cl({x}) ∩G ̸= ∅.

Proof. Suppose thatG is Gω
g -closed set in (X, τ,G) and x ∈ GωCl(G) be any point. Let Cl({x})∩G =

∅. Since Cl({x}) is closed set in X then X −Cl({x}) is an open set in X. Since G ⊆ X −Cl({x})
and G is Gω

g -closed set then GωCl(G) ⊆ X −Cl({x}), but this contradiction with x /∈ X −Cl({x}).
Hence Cl({x}) ∩G ̸= ∅.

Conversely, suppose that for each x ∈ GωCl(G), Cl({x}) ∩G ̸= ∅ and U be any open set in X
such that G ⊆ U . Let x ∈ GωCl(G). Then Cl({x})∩G ̸= ∅. Then there is at least z ∈ Cl({x}) and
z ∈ G. Then z ∈ Cl({x}) and z ∈ U . Since U is an open set in X then {x} ∩ U ̸= ∅. Hence x ∈ U
and so GωCl(G) ⊆ U . That is, Gω

g -closed set.

Theorem 5.10. A subset G of a grill topological space (X, τ,G) is Gω
g -open set if and only if

F ⊆ GωInt(G) whenever F ⊆ G and F is closed subset of (X, τ).

Proof. Let G be Gω
g -open subset of X and F be a closed subset of (X, τ) such that F ⊆ G. Then

X − G is Gω
g -closed set, X − G ⊆ X − F and X − F is an open subset of (X, τ). Hence Theorem

(4.10), X − GωInt(G) = GωCl(X −G) ⊆ X − F, that is, F ⊆ GωInt(G).

Conversely, suppose that F ⊆ GωInt(G) where F is a closed subset of (X, τ) such that F ⊆ G. Then
for any open subset U of (X, τ) such that X−G ⊆ U , we have X−U ⊆ G and X−U ⊆ GωInt(G).
Then by Theorem (4.10), X − GωInt(G) = GωCl(X −G) ⊆ U. Hence X −G is Gω

g -closed. That is,
G is a Gω

g -open set.
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6 Conclusion

The notion of Gω-open sets in grill topological spaces is developing to the notion of ω-open sets
in topological spaces. The fundamental notions in topological spaces such as the continuity,
connectedness, compactness and separation axioms also may be introduced and investigated by
using the class Gω-open sets in grill topological spaces.
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