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Abstract: Our purpose in this paper is to use {y—Riemann-Liouville fractional integral operator which is the
fractional integral of any function with respect to another increasing function to establish some new fractional
integral inequalities of Hermite-Hadamard, involving concave functions. Using the concave functions, we
establish some new fractional integral inequalities related to the Hermite-Hadamard type inequalities via
{—Riemann-Liouville fractional integral operator.
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1. Introduction

T he classical calculus of derivatives and integrals which involves integer orders is extended with
fractional orders that belong to the real numbers. In last few decades, the fractional calculus theory
receives more attention due to its significant applications in several scopes such as physics, fluid dynamics,

computer networking, image processing, biology, signal processing, control theory and other scopes. Because
of the importance of fractional calculus, many researchers have shown their intense interest. One of the
prevalent approaches among researchers is the use of fractional derivatives and integral operators. As a
consequence, several distinct kinds of fractional integrals and derivatives operators have been realized, such
as the Liouville, Riemann-Liouville, Katugampola, Weyl types, Hadamard and some other types which can be
found in Kilbas et al., [1].

Hilfer [2] in (2000), through his contribution to improve the fractional calculus, established a
new fractional derivative operator for any real order §, which gives the Caputo derivative and the
Riemann-Liouville fractional operator. The primary concept and properties and more information of
yp-Riemann-Liouville fractional derivative and integral can be found in [1]. In (2017), Almeida [3], introduced
yp-Caputo fractional derivative and investigated its significant properties. Recently, in 2018, Sousa and Oliveira
[4], introduced a generalization of many existing fractional derivative operators called y-Hilfer derivative.

The mathematical inequalities play a very reliable role in classical integral and differential equations as
well as in the past few years, many of useful mathematical inequalities have been originated by many authors,
see [5-8]. One of the most significant integral inequalities is that discovered by Hermite [9] and Hadamard
[10] for convex function f as follows

H157) = atg [ i< HOTTE v

If f is a concave function then both inequalities in (1) are held in a reversed direction. For some
historical of Hermite-Hadamard inequalities [11] and the references therein. In the last few decades, these
inequalities have been received a considerable attention by many authors and several articles have appeared
in the literature, see [12-14]. In 2010, Dahmani [15], studied the Hermite-Hadamard type inequalities for
concave functions by means of Riemann-Liouville fractional integral. Sarikaya et al., in 2013 [16], gave
the Hermite-Hadamard type inequalities for convex function using Riemann-Liouville fractional integral.
In 2014, Set et al., established Hermite-Hadamard type inequalities for s-convex functions in the second
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sense proved by Dragomir et al., [17] and m-convex functions via fractional integrals. In (2015), Noor et al.,
[18], derived some quantum estimates for Hermite-Hadamard inequalities for g-differentiable quasi convex
functions and g-differentiable convex functions. Liu et al., [19] in 2016, introduced some inequalities of
Hermite-Hadamard type for MT-convex functions using classical integrals and Riemann-Liouville fractional
integrals. In 2017, Agarwal et al.,, [20], obtained some Hermite-Hadamard type inequalities for convex
functions via (k,s)—Riemann-Liouville fractional integrals. Muhammad A. Khan [21] in 2018, proved
new Hermite-Hadamard inequalities for convex function, s—convex and coordinate convex functions by
using conformable fractional integrals. Recently in 2019, a lots of researchers studied Hermite-Hadamard
inequalities for several kinds of convexity of the functions, for more details we refer the readers to see [22,23].
Very recently, in 2020, Chudziak and Otdak introduced notion of a co-ordinated (F, G)-convex function defined
on an interval in R,

The main objective of this paper is to establish some new fractional integral Hermite-Hadamard
inequalities for concave functions by using —Riemann-Liouville fractional integral operator. Moreover,
we introduce some new fractional integral inequalities related to the Hermite-Hadamard inequalities via
y—Riemann-Liouville fractional integral operator. The paper is organized as follows: In Section 2, we collect
some notations, definitions, results and preliminary facts which are used throughout this paper. In Section 3,
we present the reverse Hermite-Hadamard’s inequalities for concave functions. In Section 4, we give some
other related results of Hermite-Hadamard type inequalities which involving 1p—Riemann-Liouville fractional
integral operator.

2. Basic definitions and tools

This section is dedicated for some basic definitions and properties of fractional integrals used to obtain
and discuss our new results. We also outline some basic results related to this work.

Leté >0,m € N,withY = [4,b] (—c0o <a <t <b <o), be a finite or infinite interval. Assume that f
be an integrable function defined on Y and ¢ : Y — R be an increasing function for all ¢ € Y, which belong to
C! (Y, R) with condition that ¢ () must be nonzero along the interval Y. The —Riemann-Liouville fractional
derivative of order é of a function f are defined by [1,24]:

D) = () T

s (o) [V @uO-vor @, ®

and

DY¥f(t) = (—lpl(t)jt) (1)
1 _ 1 i "ot / _ m—56—1
s (Cras) [vovo-sor i@ ®

Definition 1. Let & > 0 and f be an integrable function defined on Y and ¢ (t) € C' (Y,R) be an increasing
function such that ¢’ (t) # 0 for all t € Y. The left and right y—Riemann-Liouville fractional integral of order
0 with respect to the function ¢ of a function f are respectively defined by [1,24]:

0 = g [V @O -y @ F @, @

and

L) = i [ ¥ @ W@ -y 0 @ e ©
Lemmal. [1]Let$ > Oand p > 0.If f (£) = [ (t) — v (&)]* ", then

L (k) TG R
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Definition 2. The function f : (A C R) — R is said to be concave function if the following inequality holds

fAx+ (A =A)y) = Af (x) + (1 =A) f(y), (6)

forall x,y € Aand A € [0,1]. We say that f is convex if the inequality (6) is reversed.

Theorem 3. [16] Let f : [a,b] — R be a convex positive function on [a,b] with 0 < a < b, then for all 5 > 0, the
following inequality holds:

Fla)+f(B) _ TE+1) 5 atb
S e e rw] <5 (5). ”

Lemma 2. [15] Let h : [a,b] — R be a concave. Then the following inequality holds:

h(a)+h(b)gh[a+b—t]+h(t)§2h<a—;b>.

Theorem 4. [15] Let f and g be two positive functions on [0,00). If f and g are a concave functions on [0, 00), then for
allp >1,q > 1and 6 > 0, the following inequality holds:

271 F(0) + F P [ (0) + g @I (Zx1) < 0 [0 ()] 70 (17 ().

Theorem 5. [15] Let f and g be two positive functions on [0,00). If f and g are a concave functions on [0, o0), then for
allp>1,qg>1and é > 0,0 > 0 the following inequality holds:

SO+ @ [50) +g @) (2 (1))’

< ﬁ [xaflfp (x)] +It5[ WP (x )} E‘T))I [ gt (x)] L7 {xang (x)}_

3. The reverse Hermite-Hadamard’s inequalities for fractional integral

Now, we give the reverse Hermite-Hadamard’s inequalities involving concave functions for
yp-Riemann-Liouville fractional integral operators.

Theorem 6. Let ¢ : [a,b] — A C Rwith 0 < a < b be an increasing and bijective function having a continuous
derivative ' (x) #0 V x € [a,b], 9 (0) =0, (1) = 1land f : A — R be an increasing and differentiable function
on A° such that (f o) : [a,b] — R be an integrable mapping on [a, b]. If Y and f are concave and positive functions,
then the following inequality holds:

P@ PO L T [, 59 (o) (o] = FOB) @ F (Fop) ()
F(HIHR) 2 S B Gen @4 B fow @] 2 : C®

Proof. For any x,y € [a,b], using the concavity of f and ¢, we have

(fep)Ax+(1-A)y]

flprx+(1=A)yl]

> fIAp ) +0 =My ()l
> M) +0=2)fly )]
= Afedp) () +A=2)(foy) ). ©)

Putting A = % and using (9), we can write

(R0 5 Fon @ L Uen ) )
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Let
Y (x) =y )¢ (a)+ 11—y )]y (D), (11)
and
py)=D—yp®O]yp(a)+y )y (D), (12)
where x, y are variables containing ¢. By substituting (11) and (12) in (10), we get
2f (HEEE) > plp @y @+ -y Olv @+ - p Ol @ v p®]. 03)

Now, multiplying both sides of (13) by ¢’ (t) ¢°~!(t), then integrating the resulting inequality with
respect to t over [0, 1], we obtain

() s et osp 0@+ - vy o)

[ OEOF - )y @+ (y O]

From (11), we have
T = S Ov@ - p]pe] = Oy
and 9 (x) = (b)
o
YO =@y )
So, we have
e ) =)\ Y (x) dx
ho= /b(zp(a)—w(b)) FOO) T = w
_ fy (PO =9 (0T dx
- /Q“’(")@(b)—wa)) o)) oo v
_ L@ 7% (£ou)(b). (15)
v —p@p e LoV

Also from (12), we have

Ao b YWy
FW =Gyl @+y(Oyo) = S =yt

and

So, we have

Y(foy)(a). (16)

Using (14), (15) and (16), we get
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F(HOEE) 2 s B e 04 B e @], a7

2 (6) = ¢ (a)]
which is the first inequality in (8). To prove the second inequality and using the concavity of f and i, we can
write for A € [0,1]

fly@O @ +1-p@O]p O] =9 ) (fop)(a)+[1-yp(t)] (fop)(b), (18)
and
fI=p O]y (@) +p &) p @) =1 -9 )] (fop)(a)+(t) (fop)(b). (19)
Adding (18) and (19), we obtain
fle@Op@+1-p@O]pO]+fI1-p®O]p @)+ )y )] = (foy) (b)+ (foy)(a). (20)

Now, multiplying both sides of (20) by ¢’ () $°~! (t), then integrating the resulting inequality with
respect to t over [0, 1], we obtain

[lp(b)r—((sq)J(a)]‘s [Ifi"’ (Foy) (D) + ¥ (foy) (a)} > (ow) (b);r(folp) (a). o1

Hence, by combining the inequalities (17) and (20), we get the desired inequality (8). O

Remark 1. (i) If we put ¢ (x) = x, Vx € [a,b], for f a convex function, then both inequalities (8) reversed
and Theorem 6 reduce to Theorem 3 obtained by Sarikaya et al., in [16] for classical Riemann-Liouville
fractional integral.

(ii) Applying inequalities (8) for ¢ (x) = x, Vx € [a,b] and 6 = 1, for f be a convex function, we obtain the
classical Hermite-Hadamard inequalities (1).

4. Hermite-Hadamard type inequalities for fractional integral

In this section, we generalize some Hermite-Hadamard type inequalities involving concave functions
introduced by Dahmani [15] using the Riemann-Liouville fractional integral with respect to other monotone
and bijective function. In present part, we use only the left-sided fractional integrals (4). Moreover, we consider
a = 0 to obtain and discuss our results. We first prove the following lemma:

Lemma 3. Let i : [0,00) — A be an increasing and bijective function having a continuous derivative ' (t) # 0
Vite00),P(0)=09(1) =1land h : A — R be an increasing and differentiable function on A° such that
(ho) :[0,00) — R be an integrable mapping on [0, 00). If h is a concave functions on A, then we have

(1o9) €+ (10 9) () < hl (©) +9 (D)~ p (O] + (hoy) (1) < 20 (LD, @

Proof. Since /1 be a concave function on A, so for any ¢,d € [0,00), we can write

(POLP@) _y (HOLRD 0 b0, MY 1y @ OO g

If we choose ¢ (t) = Ay (c) + [1 — A] ¢ (d) , then we have

[l (c) +¢(d) =Ap(c) =1 = Al (d)] +h[Ap (c) + [1 = Ay (d)]]

:%VlWP(d)Jr[1—A]lP(C)]+h[A¢(C)+[1—A]¢(d)H-

NI~
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Using the concavity of /1, we obtain

% A (d) + 1= Aly ()] +h[Ag () +[1 = Alp(d)] = 5 (o) (0) + (ho ) (@) - (24)

By (23) and (24), we get

(how) (c)+ (hop)(d) <h[p(c)+y(d) —p(t)]+ (hoy)(t) <2k (W)

which is the required inequality (22). O

Theorem 7. Let ¢ : [0,00) — A be an increasing positive and bijective function having a continuous derivative
P (x) A0 Vxe€[0,00),9(0)=0,¢ (1) =1and f,g: A —> R be an increasing and differentiable functions on A°
such that (f o), (go) : [0,00) — R are two integrable mappings on [0,00). If f and g are a concave functions on
A. Then forall p > 1,q > 1and 6 > 0, the following inequality holds:

2771 F(0) + (fop) (M) [5(0) + (g0 9) ()7 (29949 (x))]

< T [y (x) (Foy)? (x)] T [0 () (g0 9)7 ()] (25)
Proof. Since f¥ and g7 are a concave functions on A, so by Lemma (3), for any x,y > 0, we have
fPO)+(fop) () < Py () =g )]+ (Fow) ) <2(fop) (5), (26)
and N
g0 +(go9)! (x) S g9 (x) —p )] + (09)" (1) <2(g09)" (5)- 27)

Multiplying both sides of (26) and (27) by 1/1’_%) [P (x)—1 (y)}‘sf1 #’ 1 (y),y € (0,x) and integrating the

resulting inequalities with respect to i over (0, x) , we obtain

A / WO -y P )y
<t / v ( PP W) 9 ()~ 9 ()] dy

< F@Z) /Ox ) [ x) -9 ) e () dy, (28)

and

ow)d .
YO YW@ - () dy. 29)
(u

) =1 (x) — ¢ (y), where u € [0,0) is a variable containing y, we have

W] =@ -y = ¢ (wdu=—¢'(y)dy.
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Then, we can write
I@/{j‘w’@)@(@—w()}“ L) £ [ (x) — 9 ()] dy
—15)/0"4/<u>[¢<x> P01 9T ) (Fo ) (w)du =T [ () (Fou)? ()], (30)
and
Gh YO W) 0 -y )y
= 1’25) L9 @) -9 @I ) (g0 9) (du =T [ () (go9) ()] . (G
Now, by using (28) and (30), we get
£ (0)+ (fo ) (x)] Z9°~ (x) < 22 [9° 1 (x) (foy)? (v)] <2(fop)? (5) T (),  (32)
and using (29) and (31), we get
[87(0) + (go9)" (x)] '~ (x) < 22 [p°71 (x) (g0 9)" (x)| <2(g09)" (5) %9 (x).  (33)
The inequalities (32) and (33) yields
7 )+ (Fo) (0] [87(0) + (0 9)" ()] (Z%9* " ()
< 4T [P (x) (fo ) (0] 2% [$07 () (g0 )" ()] - (34)

On the other hand, we have f and g are positive functions and ¢ is increasing function on [0, c0). Then
forany x > 0,p > 1,9 > 1, we can write

F20) + (Fo)’ (0)]7 _ £(0) + (foy) (x)

{ 5 | = 5 , (35)
and .

[g" (0) +(§°¢)q (x)]7 > 8 (0) +(§°¢) (x) (36)

Multiplying both sides of (35) and (36) by l’;/((;/)) [ (x) = ) 91 (y),y € (0,x), then integrating the

resulting inequalities with respect to y over (0, x) , we get

fr(0)+ (g o) (x)zé;lplpé—l (x) > 27P[f(0) + (f o) (x)]P 2%y’ 1 (x), (37)
and ] q
8" (0) + (go ¢)” (x) Iy~ (x) > 277[g (0) + (g o ) ()] V¢’ (). (38)

The inequalities (37) and (38) yields

LI O+ (Fop) ()] [87(0) + (g0 9) (0] (T4 (1))
> 2P F(0) + (Foy) (@] [3(0) + (g0 9) (D] (79" () (39)
Combining the inequalities (34) and (39), we obtain the desired inequality (25). O

Remark 2. (i) If we put ¢ (x) = x for all x € [0,00), then Lemma 3 reduce to Lemma 2 and Theorem 7
reduce to Theorem 4 obtained by Dahmani in [15].
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(ii) Applying Theorem 7 for i (x) = x for all x € [0,00), § = 1, we obtain Theorem 5 obtained by Set ef al.,
in [25].

No, we give the following version of Theorem 7 with two parameters for {-Riemann-Liouville fractional
integral operator.

Theorem 8. Let ¢ : [0,00) — A be an increasing positive and bijective function having a continuous derivative
P (x) #0Vxe€[0,00),9(0)=0,9(1) =1and f,g: A — R be an increasing and differentiable functions on A°
such that (f o), (go ) : [0,00) — R are two integrable mappings on [0,00). If f and g are a concave functions on
A. Thenforallp >1,q > 1and 6 > 0,0 > 0, the following inequality holds:

ZE(0) + (o) () [3(0) + (g0 9) (D) (T4 ()’
< i E T W Fow) @]+ T [p @) (o) ()

T T YT ) gow) @] + T [ () (g0 ) ()] (40)
Proof. By using Lemma 3 and as f7 and g7 are concave functions on A, then we have for any x,y > 0

PO +(fop) () < Pl =y W)+ (Fow) ) <2(fop) (5), (1)

and

10 +(go9)! (x) S g9 (x) —p )] + (0 9) (1) <2(g09)" (5 ) 2)

Now, multiplying both sides of (41) and (42) by 5)) W) -] v (), vy € (0,x), then
integrating the resulting inequalities with respect to y over (0, x) , we obtain

ey / WO ) -y Iy ) dy
<t /w A A OV AUIO R ALY
S h YOO e ) (Fo )y
< 20D gy @ - e @ e ) @)
and
LOLEITE [y )y () - p )~ 9 )y
< YW@=l G @ -y W]y
e [V W =T ) o) W)y
<2600 [y @ -yl e . (9

Using the change of variable ¢ (1) = ¢ (x) — ¢ (y) , where u € [0, c0) is a variable containing y, we have
G - @I ) Iy ) - p W)l dy
ot ¥ @ @ ) (Fo)? (i = ST 47 ) (Fop) ()],
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and
Ol T W )~y )l dy
— ForE Y W@ - ) (go ) = [HT [ () (g0 ) (9]
(46)
By using (43) and (45), we obtain
[P O)+(Fop) 0] %971 x) < R @I [97 (0 (Fop)? (9] + 7% [97 1 (0) (o) ()]
< 2(fop) (3) Ty (), @7)
and using (44) and (46), we get
210 +(gop) M T 1) < pE T 1) o (0] + T 1 () (g0 ) ()]
< 2(g09) (5) I (). (48)
The inequalities (47) and (48) imply that
F7O) + (Fop)” ()] [87(0) + (g0 9)! ()] (2797 (x))]
< ?E‘gzw [ @) (Fop)” ()] + 2% [977 (1) (fo ) ()]
< T [0 ) (g w (0] + 7% [971 () (g0 9 (). 9)

Similarly as before, we have f and g are positive functions and ¢ is increasing function on [0, o). Then
forany x > 0,p > 1,9 > 1, we can write

fP(0) + (g’ o) (X)Its;lplpn—l (x) = 27P [f(0) + (fop) (x)]pI‘s;lplp‘Fl (x), (50)
and q
g1(0) + (§ 29V 7yt () > 270 [ 0) + (g 0 ) (1)1 Ty (). (51)

The inequalities (50) and (51) imply that

L0+ (Fop) (] [87(0) + (g09) (0] (T4 ()’
> 2771 [£(0) + (Fop) ()P [5(0) + (go ) (0] (297 (x)) 2)
Combining the inequalities (49) and (52), we obtain the desired inequality (40). O

Remark 3. If we put ¢ (x) = x for all x € [0, 00), then Theorem 7 reduce to Theorem 5 obtained by Dahmani
in [15].
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