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Abstract: A simple graph G = (V,E) admits an H-covering if every edge in the edge set E(G) belongs
to at least one subgraph of G isomorphic to a given graph H. A graph G having an H-covering is called
(a,d)-H-antimagic if the function h : V(G) UE(G) — {1,2,...,|V(G)| + |E(G)|} defines a bijective map such
that, for all subgraphs H' of G isomorphic to H, the sums of labels of all vertices and edges belonging to H’
constitute an arithmetic progression with the initial term 4 and the common difference d. Such a graph is
named as super (a,d)-H-antimagic if h(V(G)) = {1,2,3,...,|V(G)|}. For d = 0, the super (a,d)-H-antimagic
graph is called H-supermagic. In the present paper, we study the existence of super (a,d)-cycle-antimagic
labelings of ladder graphs for certain differences d.
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1. Introduction

L et G = (V,E) be a finite simple graph. A family of subgraphs Hj, Hy, ..., H; of the graph G with
property that each element of E belongs to at least one subgraph H;, i = 1,2,...,t, is classified as an

edge-covering of G. With the possibility, H; isomorphic to a given graph H, G is said to admit an H-covering.
Suppose a (p, q)-graph G admits an H-covering. A bijective function 4 : V(G) UE(G) — {1,2,...,p+q}
is called a total labeling for G. The associated H-weight is defined as

wty(H)y= Y h(v)+ Y. hle).

veV(H) ecE(H)

Atotal labeling 1 : V(G) UE(G) — {1,2,..., p+q} is then called an H-magic labeling, if there exists a positive
integer m (called the magic constant) such that for every subgraph H’ of G isomorphic to H, wt,(H) = m.. The
graph G admitting such a labeling is called H-magic.

In addition, if the H-weights constitute an arithmetic progression a,a +d,a+2d,...,a+ (t — 1)d, where
a > 0and d > 0 are two integers, and ¢ is the number of all subgraphs of G isomorphic to H, then we say that
graph G is an (a,d)-H-antimagic. The restriction h(V) = {1,2,..., p} makes G a super (a,d)-H-antimagic. If the
subgraph H is isomorphic to a cycle Cy for some k, then super (a, d)-H-antimagic labeling is referred to a super
(a,d)-cycle-antimagic labeling.

The H-supermagic labelings were first studied by Gutiérrez et al. in [1] as an extension of the edge-magic
and super edge-magic labelings introduced by Kotzig et al. [2] and Enomoto et al. [3], respectively. Gutiérrez
et al. considered star-supermagic and path-supermagic labelings of some connected graphs and proved that
the path P, and the cycle C, are P;,-supermagic for some m. Maryati ef al. [4] gave Py-supermagic labelings
of some trees such as shrubs, subdivision of shrubs and banana tree graphs. Lladé et al. [5] investigated
Cp-supermagic graphs and proved that wheels, windmills, books and prisms are C,,-magic for some m. Some
results on C,-supermagic labelings of several classes of graphs can be found in [6,7]. Other examples of
H-supermagic graphs with different choices of H have been given by Jeyanthi et al. in [8]. Inayah, Lladé and
Moragas [9] gave a connection between graceful trees and antimagic H-decomposition of complete graphs.
Maryati ef al. [6] investigated the G-supermagicness of a disjoint union of ¢ copies of a graph G and showed
that disjoint union of any paths is cPy-supermagic for some ¢ and m.

Motivated by H-(super)magic labelings, Inayah et al. [10] introduced the (a,d)-H-antimagic labeling. In
[11] they investigated the super (a,d)-H-antimagic labelings for some shackles of a connected graph H. In
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[12] Miller et al. exhibit an operation on graphs which keeps super H-antimagic properties using technique
of partitioning sets of integers. The existence of super (a,d)-H-antimagic labelings for disconnected graphs
is studied in [13] and there is proved that if a graph G admits a (super) (a,d)-H-antimagic labeling, where
d = |E(H)| — |V(H)|, then the disjoint union of m copies of the graph G, denoted by mG, admits a (super)
(b, d)-H-antimagic labeling as well.

The (super) (4, d)-H-antimagic labeling is related to a super d-antimagic labeling of type (1,1, 0) of a plane
graph that is the generalization of a face-magic labeling introduced by Lih [14]. Further information on super
d-antimagic labelings can be found in [15,16].

For H = Kj, (super) (a,d)-H-antimagic labelings are also called (super) (a,d)-edge-antimagic total
labelings and have been introduced in [17]. More results on (4, d)-edge-antimagic total labelings, can be found
in [15,18-20]. The vertex version of these labelings for generalized pyramid graphs is given in [21].

A ladder is a Cartesian product L, = P, X P, of the path on m vertices with the path on two vertices. The
vertex set V(L,,) consists of the elements {u;,v; : 1 <i < m} and the edge set E(L,,) consists of the elements
{uw; : 1 <i<myU{uujq,00;1:1<i<m—1}.

In [7], Ngurah et al. proved that ladder graph L, is C4-supermagic for every n > 2.

In the present paper, we will study the existence of the super cycle-antimagic labelings of ladder graphs
Ly,. More explicitly, we will describe super (a,d)-C4-antimagic labelings of ladder graphs for differences 0 <
d < 15.

2. Results

Let Cii), 1 <i < m —1 be the subcycle of L,, with V(Cii)) = {uj, ui11,0;, 041}
and E(Cil)) = {ujui11, vivi11, U0}, Ui 1041 )

For the C4-weight of the cycle C (i), i=1,2,...,m—1,under the total labeling 1 we get:

why (CY)) = h(u;) + h(o;) + h(ui1) + h(vis)
+ h(uiniy1) +h(vvi1) + h(wv;) + h(ui10i41)-

The following theorem shows that ladder graph L,, admits super (4, d)-C4-antimagic labelings for differences
0<d<eé.

Theorem 1. Let m > 3 be a positive integer. Then the ladder Ly, admits a super (a,d)-Cy-antimagic labeling for
de{0,1,2,3,4,5,6}.

Proof. Label the vertices of the ladder L,,; by the following integers:

h(u;) =i if i=1,2,...,m,
h(v;)) =2m+1—1i ifi=1,2,...,m.

Clearly, under the vertex labeling / the vertices of L, receive labels from 1 up to 2m and for partial weights of

Cy) foreveryi=1,2,...,m —1we get
wy, = h(u;) +h(uiy1) +h(0;) + h(vi1) = 4m + 2. @)

We define the labelings hj, j=0,1,2,...,6, for the edges of L, in the following way:
ifi=1,2,...,m—1then

3m —i forj =0,

4m — i forj=1,
hj(uinitr) = et o

3m+i forj=2,3,4,

3m—1+2i forj=>5,6,
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dm—1—i forj =0,

dm —141i forj=1,3,4,
hi(viviy1) = " o ot

dm+ [Z]+1—i forj=2,

3m + 2i forj=>5,6,

andifi =1,2,...,mthen

dm —2+i forj =0,

2m + L forj =1,3,5and i odd,

hj(uv;) = S . .
2m+ [%]+4 forj=1,3,5and ieven,
2m+1i forj=2,4,6.

It is not difficult to see that every edge labeling h]-, j=0,1,2,...,6, admits the values from 2m + 1 up to 5m — 2.
Thus every edge labeling h;, j = 0,1,2,...,6, together with vertex labeling h has properties of a total labeling
of the ladder L,,. Let

wy; = hj(uittir) + hj(0ivit1) + hj(uiv;) + hj(Uiz10i41) 2

be partial weights of cycles Cii)

we get

foreveryi =1,2,...,m—1andj = 0,1,...,6. Then according to (1) and (2)

wth],(Cy)) = wy + wy, = 4m + 2+ wy,. )

For j = 0, wy,, = 15m — 4 and wtho(Cii)) = 19m — 2 foreveryi = 1,2,...,m — 1. Thus the total labeling
hU hg is C4-supermagic for Ly,.

Forj = 1, wy, = 12m+ [%] +i and wty, (C\)) = 16m + [2] +2+1i for every i = 1,2,...,m — 1.
Under the labeling 1 U hy the Cy4-weights of Ly, are consecutive integers and Ly, is a super (16m + [%] +
3,1)-C4-antimagic.

Forj =2, wy, = 11lm+ [%] 42+ 2i and wthz(Cii)) = 15m + [%] +4+2iforeveryi=1,2,...,m—1
and it proves that the total labeling i U I, is a super (15m + [ %] + 6,2)-Cy-antimagic.

For j = 3, wy, = 11m + [%] + 3i and wthB(Cf)) = 15m + [%] +2+3iforeveryi=1,2,....m—1 It
shows that the labeling /1 U h3 is a super C4-antimagic with the difference d = 3.

For j = 4, wy, = 11m + 4i and wth4(C£i)) = 15m +2 +4i for every i = 1,2,...,m — 1. Under the
labeling I U hy the C4-weights of L, form the arithmetic sequence with the difference d = 4 and L, is a super
(15m + 6,4)-C4-antimagic.

For j = 5, wy,, = 10m + [%] + 5i and wth5(Cf)) = 14m + [%] +2+5iforeveryi =1,2,...,.m—1 It
shows that the labeling /1 U k5 is a super C4-antimagic with the difference d = 5.

For j = 6, wy, = 10m + 6i and wth()(Cg)) = 14m + 2+ 6i for every i = 1,2,...,m — 1 and it proves that
the total labeling 1 U h4 is a super (14m + 8,2)-C4-antimagic. This completes the proof. [

Next theorem proves a super C4-antimagicness for ladder graph with differences 7 < d < 15.

Theorem 2. Let m > 3 be a positive integer. Then the ladder Ly, is a super (a,d)-Cy-antimagic for every d €
{7,8,9,10,11,12,13,14,15}.

Proof. Define a vertex labeling h : V(L) — {1,2,...,2m} such that

h(u;)) =2i—1 if i=1,2,...,m,
h(v;) = 2i if i=1,2,...,m.
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For partial weights of Cf) foreveryi=1,2,...,m — 1 we get
wy = h(u;) + h(uipr) +h(0i) + h(vi4q) = 8i+2. 4)

We construct the labelings hj, j=17,8,...,15, for the edges of L, as follows:
ifi=1,2,...,m—1then
dm — i forj=7,9,
3m+i forj=38,11,12,
hi(uiui 1) = (2m+2i—1 forj=10,14,
3m—1+42i forj=13,
2m + 2i forj =15,

5m—-1—i forj=7,

dm —1+1i forj=8,9,11,12,15,
2m + 2i for j = 10,14,

3m + 2i forj =13,

hj(vivitg) =

andifi=1,2,...,m then

2m+ 1 forj=7,9,11,13and i odd,
3m —2+ % forj=7,9,11,13 and i even,
3m+1—i forj=3§,
hj(uivi) =45m—1—i forj=10,
2m—+i forj =12,
dm —2+i forj =14,
2m—1+2i forj=15.

One can see that for j = 7,8,9,...,15 every edge labeling h; attains the values from the set {2m + 1,2m +
2,...,5m — 2} and every labeling 1 U h; satisfies the properties of a total labeling of the ladder L. Then
according to (2) and (4) we get

why, (C}) = wy + wy, = 8i +2 + wy,. )

Forj =7, wy, = 14m —i—2 and wth7(Cii)) = 14m + 7i for every i = 1,2,...,m — 1. Under the labeling
h U hy the C4-weights of Ly, create the arithmetic progression of the difference d = 7 and L,, is a super (14m +
7,7)-C4-antimagic.

For j = 8, wy,, = 13m and wthS(Cg)) = 13m + 2+ 8i for every i = 1,2,...,m — 1 and it proves that the
total labeling h U hg is a super (13m + 10, 8)-C4-antimagic.

Forj =9, wy, = 13m —2+iand wthg(Cy)) = 13m +9i for every i = 1,2,...,m — 1. It shows that the
labeling 11 U hg is a super C4-antimagic with the difference d = 9.

For j = 10, Wp,, = 14m —4 + 2i and wtth(Cii)) = 14m — 2+ 10i for every i = 1,2,...,m — 1. Under the
labeling /1 U hyg the C4-weights of L, form the arithmetic sequence with the difference d = 10 and L, is a super
(14m + 8,10)-C4-antimagic.

For j = 11, wy,,, = 12m — 2+ 3i and wthn(Cii)) = 12m + 1li forevery i = 1,2,...,m — 1 and it proves
that the total labeling h U hy is a super (12m + 11, 11)-C4-antimagic.

For j = 12, wy,,, = 11m + 4i and wthlz(Cii)) = 11m+ 2+ 12i for everyi = 1,2,...,m — 1 and it proves
that the total labeling /1 U hy is a super (11m + 14, 12)-C4-antimagic.

For j = 13, wy,, = 11m — 2+ 5i and wt,, (C{) = 11m + 13i for every i = 1,2,...,m — 1. Tt shows that
the labeling h U h13 is a super C4-antimagic with the difference d = 13.
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For j = 14, wy,, = 12m — 4 + 6i and wthM(Cii)) =12m — 2+ 14iforeveryi = 1,2,...,m — 1. Under the
labeling /1 U hy4 the C4-weights of L,, form the arithmetic sequence with the difference d = 14 and L,, is a super
(12m + 12, 14)-C4-antimagic.

For j = 15, wy,, = 10m — 1+ 7i and wt, (C{") = 10m + 1 4 15i for every i = 1,2,...,m — 1. Tt shows
that the labeling & U h15 is a super C4-antimagic with the difference d = 15.

Thus we have arrived at the desired result. [
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