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Abstract

In this paper, we define the concepts of (F,L)-contraction and (F,L)-weak contraction in
weak partial metric space which is generalized metric space. Using these concepts we prove
some common fixed point theorems for two self mappings and we give some fixed point results
for a single mapping in weak partial metric spaces. Also, we give some examples to support
our new results. The theorems obtained here extend and generalize many results in the literature.
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1 Introduction

Partial metric space was introduced by Matthews [1] in 1994 as a generalization of metric space,
replacing the equality d(z,z) = 0 in the definition of metric with the inequality d(z,z) < d(z,y)
for all z,y € X. It is widely recognized that partial metric space plays an important role in
constructing models in the theory of computation. Matthews [1] proved the contraction principle
of Banach in this new framework and also discussed some properties of convergence of sequences.
Then, Valero [2], Oltra and Valero [3] and Altun et al. [4], [5] gave some generalizations of the
results of Matthews. Recently, Romaguera [6] proved the Caristi type fixed point theorem on this
space. Thereafter, by omitting the small self-distance axiom of partial metric, Heckmann [7] defined
the weak partial metric space. By using the notion of F-contraction Wardowski [8] has proved a
fixed point theorem which generalized Banach contraction principle. Later, Wardowski and Van
Dung [9] introduced the notion of F-weak contraction and established fixed point theorems for
such mappings in complete metric spaces. They extend and generalize the presented theorems and
improve many existing results.

We recall some definitions in partial metric space and some properties of them, see [1], [2], [3], [6],
[7], [10].

The main purpose of this paper is to define the concepts of F-contraction and F-weak contraction,
that were given for metric spaces by Wardowski and Van Dung [9], for weak partial metric spaces and
to generalize these new concepts to the concepts of (F, L)-contraction and (F, L)-weak contraction
in weak partial metric spaces. By using these concepts, we prove some common fixed point results
for self mappings 7" and S and some fixed point results for a single mapping 7' on a weak partial
metric space. The paper is organized as follows. In Section 2, we give some basic definitions and
concepts which are necessary in the next section. We present main theorems and corollaries which
extend and improve many results in the literature, in Section 3.

2 Preliminaries and Definitions

Now, we mention briefly some fundamental definitions and results.

Definition 2.1. [l] A partial metric on a nonempty set X is a function p : X x X — RT
(nonnegative reals) such that, for all z,y,z € X:

pl. z =y < p(z,z) =p(z,y) = p(y,y) (To-separation axiom),
p2. p(z,z) < p(x,y) (small self-distance axiom),

p3. p(z,y) = p(y, ) (symmetry),
pd. p(x,y) < p(z,2) + p(z,y) — p(z, z) (modified triangular inequality).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on
X.

It is clear that if p(z,y) = 0, then, from (pl) and (p2), z = y. But if z = y, p(z,y) may not be
0. A basic example of a partial metric space is the pair (R',p), where p(z,y) = max{z,y} for all
z,y € R*. For another example, let I denote the set of all closed intervals [a, b] for any real numbers
a<b Let p: I xI— R be the function such that p([a,b], [¢,d]) = max{b,d} — min{a,c}. Then
(I,p) is a partial metric space. Other examples of partial metric space which are interesting from
a computational point of view may be found in [1] and [11].

Each partial metric p on X generates a Ty topology 7, on X which has a base as the family open
p-balls
{Bp(z,¢) : z € X,e > 0},
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where
By(z,¢) = {y € X : p(x,y) < p(z, ) + €},
for all z € X and € > 0.

Definition 2.2. [1] Let (X, p) be a partial metric space. Then,
i. asequence {z,} in a partial metric space (X, p) converges with respect to 7, to a point z € X
if p(z,z) = lim p(z,zn),
n— o0
ii. a sequence {z,} in a partial metric space (X,p) is called a Cauchy sequence if there exists
lim p(xn,zm) (and is finite),

n,m— o0

iii. a partial metric space (X,p) is said to be complete if every Cauchy sequence {z,} in X
converges to a point x € X; that is, p(z,z) = lim p(xn,Tm)-
n,m-—o00

If p is a partial metric on X, then the functions dp,d, : X x X — R* given by

dp(z,y) = 2p(z,y) — p(z,z) — p(y, ) (2.1)
and
dw(mvy) = max{p(m,y) 7p($,$),p($,y) fp(y,y)}
= p(z,y) — min{p(z,z), p(y,y)} (2.2)

are ordinary metrics on X. It is easy to see that d, and d,, are equivalent metrics on X.

Lemma 2.1. [1] Let (X, p) be a partial metric space. Then,
i. {xn} is a Cauchy sequence in (X, p) if and only if it is Cauchy sequence in the metric space
(X, dyp),
1. (X,p) is complete if and only if the metric space (X,dp) is complete. Furthermore,

lim dp(zn,z) =0 < p(x,z) = lim p(zp,z) = lm  p(xn, Tm).

n—00 n—r00 T, —>00

Definition 2.3. [12] Suppose that (X, p) is a partial metric space. A mapping T : X — X is said
to be continuous at x € X if for every € > 0, there exist 6 > 0 such that T'(By(z,9)) C By(Tx,¢).
We say that T is continuous if 7" is continuous at all z € X.

It is easy to see that if (X, p) is a partial metric space, T : X — X is continuous, {z,} is a sequence
in X, z € X and
lim p(xn,z) =p(z,z), then lim p(Tz,,Tz)=pTz,Tx).

n—-+oo n——+oo

Remark 2.1. Since d, and d,, are equivalent, we can take d,, instead of d, in Lemma 2.1.

Heckmann [7] introduced the concept of weak partial metric space, which is a generalized version
of Matthews’ partial metric space by omitting the small self-distance axiom. That is, the function
p: X x X — RT is called weak partial metric on X if the conditions (p1), (p3) and (p4) satisfied.
Also, Heckmann showed that, if p is a weak partial metric on X then for all x,y € X, we have the
following weak small self-distance property

S P(z,2) +p(y,y)
= 2

Weak small self-distance property shows that weak partial metric spaces are not far from small-self
distance axiom. It is clear that every partial metric space is a weak partial metric space, but the

p(z,y)
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converse may not be true. A basic example of a weak partial metric space but not a partial metric
r+vy
2

space is the pair (R, p), where p(z,y) = for all z, € RT. For another example, let I denote
the set of all intervals [a, b] for any real numbers a < b. Let p: I x I — RT be the function such that

p([a, b], [¢, d]) = w

space. Again, for z,y € R the function p(z,y) =

. Then (I,p) is a weak partial metric space but not a partial metric

e’ 4+ ¢eY

is a non partial metric but is a weak

partial metric on RY.

Remark 2.2. As mentioned in [13], if (X, p) be a weak partial metric space, but not partial metric
space, then the function d, as in (2.1) may not be an ordinary metric on X, but d,, as in (2.2) is
still an ordinary metric on X.

In a weak partial metric space, the convergence of a sequence, Cauchy sequence, completeness and
continuity of a function are defined as partial metric space.

To prove some fixed point results on a weak partial metric space we need to give following lemma,
that was proved by omitting the small-self distance axiom.
Lemma 2.2. [13] Let (X, p) be a weak partial metric space.

i. {zn} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric space
(X, dw).

1. (X,p) is complete if and only if (X, dw) is complete. Furthermore

lim dy(zn,z) =0 < p(z,z) = lim p(zn,z) = lim  p(xn, Tm).

n— oo n—oo n,m—oo

Definition 2.4. [14] Let T" and S be self-mappings of aset X (i.e., 7,5 : X — X). If z =Tz = Sz
for some x € X, then z is called a coincidence point of T" and S, and z is called a point of coincidence
of T and S. Self-mappings T and S are said to be weakly compatible if they commute at their
coincidence point, that is, if Tx = Sx for some = € X, then T'Sx = ST'x.

Remark 2.3. [14] Let T and S be weakly compatible self-mappings of a set X. If T and S have a
unique point of coincidence z = Tx = Sx, then z is the unique common fixed point of T" and S.
Definition 2.5. [8] Let F be the family of all functions F : (0, +00) — R such that

F1. F is strictly increasing, that is, for all a, 8 € (0, +00) if @ < 8 then F(a) < F(8),

F2. for each sequence {ay,} of positive numbers, the following holds:

lim ap =0« lim F(an) = —o0,
n—oo n—oo

F3. there exists k € (0,1) such that lim (o F(a)) = 0.

a—0t

Example 2.3. [8] The following functions F : (0,400) — R are the elements of F:
i. Fa=Ina,
. Fao=lna+ a,
wi. Fa= Ta
iv. Fa= (Ina?+ ).
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Definition 2.6. [9] 1. Let (X,d) be a metric space. A mapping T : X — X is said to be an
F-weak contraction on (X,d) if there exist F € F and 7 > 0 such that, for all z,y € X satisfying
d(Tz,Ty) > 0, the following holds:

d(z, T d(y,T
T+ F(d(Tz,Ty)) < F (max {d(;r:,y),d(:n,Tac),d(y,Ty)7 (2, Ty) ; (v, T'z) }) . (2.3)
2. Let (X,d) be a metric space. A mapping T : X — X is said to be an F-contraction on (X, d)
if there exist F' € F and 7 > 0 such that, for all z,y € X satisfying d(Tz,Ty) > 0, the following
holds:
T+ F(d(Tz,Ty)) < F(d(z,y)).
i. Every F-contraction is an F-weak contraction.

ii. Let T be an F-weak contraction. From (2.3) we have, for all z,y € X, Tz # Ty

d(z, Ty) —;— d(y, Tx) }) .

F(d(Tz,Ty)) < 7+F(d(Tz,Ty)) < F <max {d(aj, y),d(z, Tx),d(y, Ty),

Then by (F1), we get

d(Tz,Ty) < max {d(x, y),d(z, Tx),d(y, Ty), d(z,Ty) + d(y, Tx) } 7

2
for all z,y € X, Tx # Ty.

Lemma 2.4. [15] Let X be a nonempty set and T : X — X be a mapping. Then there exists a
subset Y C X such that T(Y)=T(X) and T : Y — X is one-to-one.

3 Main Results

We start our work by introducing the following two concepts.

Definition 3.1. 1. Let (X,p) be a weak partial metric space. A mapping T : X — X is said
to be an F-weak contraction on (X, p) if there exist F' € F and 7 > 0 such that, for all z,y € X
satisfying p(Tz, Ty) > 0, the following holds:

p(z,Ty) + ply, Tx) }> _ (3.1)

P4+ P, 7)) < F (max { (. ), 0. T0). 500 T) !

2. Let (X, p) be a weak partial metric space. A mapping 7" : X — X is said to be an F-contraction
on (X,p) if there exist ' € F and 7 > 0 such that, for all z,y € X satisfying p(Tx,Ty) > 0, the
following holds:

T+ F(p(Tz,Ty)) < F(p(z,y)).

Remark 3.1. i. Every F-contraction is an F-weak contraction.

ii. Let T be an F-weak contraction. From (3.1) we have, for all z,y € X, p(Tz,Ty) > 0

P T) < 7+ F (T2 Ty) < F (max {po,0), oo To). ply ), L TD 2T

Then by (F1), we get

p(z, Ty) + p(y, Tx) }

T Ty) < o { (o) e T) (0 ) !

for all z,y € X with p(Tz,Ty) > 0.
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Now, we give a new definition of (F, L)-contraction that will be used later.

Definition 3.2. Let (X, p) be a weak partial metric space. A mapping T': X — X is said to be the
(F, L)-contraction if F' € F and there exist 7 > 0 and L > 0 such that, for all z,y € X satisfying
p(Tz,Ty) > 0, the following holds:

T+ F(p(Tz,Ty)) < F(p(z,y))+ Lduw(y,Tx). (3.2)

Because of the symmetry of the distance, the (F,L)-contraction condition implicity includes the
following dual one:

T+ F(p(Tz,Ty)) < F(p(z,y))+ Ldw(z, Ty). (3.3)

Thus by (3.2) and (3.3), the (F, L)-contraction condition can be replaced by the following condition:
p(Tz, Ty) > 0, then

T4+ F(p(Tz,Ty)) < F(p(z,y)) + Lmin{dw(z, Ty), dw(y, Tz)}. (3.4)
Now, let us state and prove our first theorem for self mapping 7" which satisfies inequality (3.4).

Theorem 3.1. Let (X,p) be a complete weak partial metric space and T : X — X be the (F,L)-
contraction. If F is continuous, then T has a fixed point in X.

Proof. Let o € X be an arbitrary point. We define a sequence {z,} in X by zp+1 = Tz, for all
n € N. If z,, = xp41 for some n € N, then z, is a fixed point of T" and the proof is completed.
Thus, assume that z,, # z,+1 for all n € N. By (3.4), we have

F(p(zn, n41)) F(p(Txp-1,Txy))

< F(p(zn-1,zn)) + Lmin{dw(zn-1,Txn), dw(@n, TTn-1)} — T
F(p(zn-1,2n)) + Lmin{dw (zn—1, Tnt1), dw(Tn,Tn)} — T
F(p(zn—1,zn)) — T (3.5)
Repeating (3.5) n-times, we get that

F(p(xn, Tni1)) < F(p(o, 1)) — n7, (3.6)
for all n € N. Taking the limit as n — oo in (3.6), we get

lim F(p(xnaxn+1)) = —00,

n—00

that together with (F2) gives

lim p(zn,Zns1) =0. (3.7)
n—oo
As F € F, there exists k € (0, 1) such that
lim (p(2n, Tn+1))" F(p(n, Tn41)) = 0. (3.8)

n— oo

It follows from (3.6) that
(P(xn, T0s1)) " [F(p(n, Tns1)) = F(p(wo,21))] < = (p(wn, @nt1)) 0T <0, (3.9)
for all n € N. By using (3.7) and (3.8) and taking the limit as n — oo in (3.9), we get
lim (p(@n, Tni1))*n = 0.
n—ro0
Then there exists n1 € N such that (p(ﬂcn,xm_l))kn < 1 for all n > n, that is,

(T, Tnt1) < —, (3.10)

=
| T
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for all n > ny.

In order to show that {z,} is a Cauchy sequence consider m,n € N such that m > n > n;. Using
the triangular inequality for the weak partial metric and from (3.10), we obtain

P(@n, Tm) < p(Tn, Tnt1) + P(ETnt1, Tog2) + oo+ (-1, Tim)
—[P(@nt1,Znr1) + D(Tny2, Znr2) + oo+ P(Tmo1, Tmo1)]

m—1

(]

p(wi, Tig1)

.
Il

n

o

p(ﬂfiy il?i+1)

s
Il
3

NgE
=

e

<
~q

.
I

1
As k € (0,1), the series Z — is convergent, so it follows from the above inequality that
=1tk

lim p(zn,zm) =0, that is, {z,} is a Cauchy sequence in (X, p). Then, from Lemma 2.2, {z,} is

n,m—oo
a Cauchy sequence in the metric space (X, d,). Also, the completeness of the weak partial metric
space (X, p) yields that the metric space (X, dy) is complete. Then, there exists * € X such that

lim dy(zn,z") = 0. (3.11)
n—o0
Again from Lemma 2.2, we have
p(z*,z") = lim p(zn,z") = lim p(zn,zm) =0. (3.12)
n— oo n,m—oo

Suppose that F' is continuous. In this case, we consider the following two cases.

Case 1. For each n € N, there exists i, € N such that p(min+1,Tﬂc*) = 0 and %, > %n—1 Where
30 = 1. Then we have
p(", Ta") = lim p(ria, Ta™) = 0.

n

Therefore, * = Tx*, that is, 2 is a fixed point of T.
Case 2. There exists na2 € N such that p(zn4+1,Tz*) > 0 for all n > na. It follows from (3.4) that

T+ F(p(xnt1,T2")) = 71+ F(p(Tz,,Tz"))
F(p(xn,z")) + Lmin{dy(xn, TT"), dw(z*, Tzn)}
= F(p(xn,z")) + Lmin{dy(xn, TT"), dw (", Tnt1)}

IN

Also, from (3.12), there exists ng € N such that, for all n > ng we get p(zn,z") < p(z*,Tx*). So,
for all n > max{na, ng} we obtain

T+ F(p(znt1,Tx")) < F(p(x™, Tz")) + Lmin{dy (xn, TT"), dw(x", Tni1)}-
As F' is continuous, letting n — oo in the above inequality and using (3.11) and (3.12), we have
7+ F(p(z*,Tx")) < F(p(z™,Tz™)),

which is a contradiction as 7 > 0. Thus, we must have p(z*, Tz") = 0, that is, ¥ = T'z”™. Therefore,
™ is a fixed point of T'. O
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The fixed point of T' in Theorem 3.1 is unique if we replace min{d.(z, Ty), dw(y,Tz)} by
min{dy(z, Tz), dw(z, Ty), dw(y, Tz)} in (3.4). So, we have the following result.

Theorem 3.2. Let (X,p) be a complete weak partial metric space and T : X — X be a mapping.
Suppose that F' € F and there exist T > 0 and L > 0 such that, for all z,y € X satisfying
p(Tz, Ty) > 0, the following holds:

T4+ F(p(Tz,Ty)) < F(p(z,y)) + Lmin{dw(z, Tz),dw(z, Ty), dw(y, Tx)}. (3.13)
If F' is continuous, then T has a unique fixed point in X.

Proof. The existence of the fixed point of T" follows from Theorem 3.1. For the uniqueness of the
fixed point of T, let us suppose that 7 and x5 be two fixed points of T and z] # x5. Then
p(Tz31,Tz3) > 0. By (3.13), we have

T+ F(p(z1,22)) = 74 F(p(Ta1,Tx3))
F(p(x1,25)) + Lmin{dy(z],Tx}), dw(z], Tx3), dw (x5, T21)}
= F(p(z1,73)).

It is a contradiction. Then, we have 7 = x3. This proves that the fixed point of T is unique. [

IN

By the aid of Lemma 2.4, we obtain the following result of Theorem 3.2.

Corollary 3.3. Let (X,p) be a weak partial metric space and T,S : X — X be two mappings.
Suppose that F' € F and there exist T > 0 and L > 0 such that, for all v,y € X satisfying
p(Tz, Ty) > 0, the following holds:

T4+ F(p(Tz,Ty)) < F(p(Sz, Sy)) + L min{d.(Sz, Tx), dw(Sz,Ty), dw(Sy, Tz)}.
Also, assume that
i. TX CSX.
1. SX is a complete subspace of the weak partial metric space X .
If F is continuous, then T and S have a unique point of coincidence in X. Moreover, if T and S

are weakly compatible, then T and S have a unique common fixed point in X.

We see that the following corollary becomes a direct result if we take L = 0 in Theorem 3.1. Note
that, F' need not be continuous in the following result.

Corollary 3.4. Let (X,p) be a complete weak partial metric space and T : X — X be an F-
contraction. Then T has a unique fized point in X.

Now, we give an example for illustration.

Example 3.5. Let X = [0,1]. Define a weak partial metric p: X X X — [0,400) by the formula

p(z,y) = max{z,y}, then du(z,y) = |z —y|. Since (X,dw) is complete, by Lemma 2.2, (X,p)

is complete weak partial metric space. Also, define T : X — X by Tx = % Without loss of
x

generality, we may assume that 0 <y < x. Then, we have

T Y T Y T
Te,Ty)=p(——\—2—) = _ 0
p(Tz, Ty) p<1+I,1+y) maX{1+x,1+y} 52

and

F(p(z,y)) + Lmin{dw(z, Tx), dw(x, Ty), dw(y, Tx)} F(x) 4+ Lmin{dw(z, Tx),dw(z, Ty), dw(y, T2z)}

v
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Therefore, by choosing Fa =Ina, « € (0,400) and 7 =1n(1 4 z), for any L > 0, we obtain

T
T+F(1+x)

In(z)
F(z)
< F(p(z,y)) + Lmin{dw(z,Tz), dw(z,Ty), dw(y, Tz)}.

T+ F(p(Tz,Ty))

This shows that all conditions of Theorem 3.2 are satisfied and so T has a unique fixed point in X
which is ™ = 0.

Now, we give a new definition of (F, L)-weak contraction that will be used later.

Definition 3.3. Let (X,p) be a weak partial metric space and T,S : X — X be two mappings.
Then the pair (7, 5) is said to be the (F, L)-weak contraction if F' € F and there exist 7 > 0 and
L > 0 such that, for all z,y € X satisfying p(T'z, Sy) > 0, the following holds:

T+ F(p(Tx,Sy)) < F (max {p(x, y), p(x, Tx), p(y, Sy

+L min{d(z, Sy), dw(y, T'z)}. (3.14)

) p(z, Sy) ;p(y,Tw) })

Theorem 3.6. Let (X,p) be a complete weak partial metric space and T,S : X — X be two
mappings such that the pair (T, S) satisfy the (F, L)-weak contraction condition. If F is continuous,
then T and S have a common fixed point in X.

Proof. Take xo € X as an arbitrary point and we construct a sequence {z,} in X by xon+1 = Txan
and Tont2 = Sxont1 for all n € N. Suppose p(Zn,Znt1) = 0 for some n € N. Without loss of
generality, we assume n = 2k for some k € N. Thus, we get p(z2x, T2r+1) = 0. Now, suppose
p(T2k+1, Tak+2) > 0, then by (3.14), we obtain

F(p(xars1, w2012)) = F(p(Tx2k, ST2k41))

F(max{p(xor, T2r+1), p(T2r, Txar), p(T2r+1, STart1),
[p(v2k, ST2r+1) + P(T2k+1, T22)]/2})

+Lmin{duw (T2r, STar+1), dw(T2k41, Tr2k)} — T

F (max {p Tok+1, T2k+2), P(@2k, Tak+2) ¥ P(Tak+1, Takt1) })

IN

2

(
+Lmin{dy (x2k, Takt2), dw(Tornt1, Toks1)} — T
(

F (max {p Poat, Tansa), p(zok, Tok+1) + P(T2k+1, Tok+2) }) .

IN

2

= F(p(rort1,Tart2)) — 7.

It is a contradiction. Then, we conclude that p(zak+1,Z2k+2) = 0 for all k € N, that is, xopt+1 =
ZTokt2. Therefore xap, = Txor = Sxar and hence x,, is a common fixed point of T and S. Thus, we
may assume that x, # xn+1 for all n € N. Given n € N. If n is even, then n = 2t for some t € N.
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By (3.14), we obtain

F(p(zar, x2t11)) = F(p(z2e41, v2t))
= F(p(Tzat, St2t—1))
< F(max{p(zat,z2t—1), p(x2t, Tx2t), p(T2t—1, ST2t-1),
[p(w2t, Szot—1) + p(@ae—1, Tx2t)]/2})
+L min{dw (z2t, Stot—1), dw(x2t—1, Tx2t)} — T
p(z2t, T2t) + P(T2t—1, Tat41) })

=

(
= F (max {p(xgt,atgt 1), D(T2t, T2t41), D)
+L min{duw (w2e, T2t ), duw (T2t—1, Toe41)} — T
< F (max {p(m% a0-1), plaat, ai1), p(T2t—1,T2t) ;p(l’2t,l’2t+1) }) .
=  F(max{p(zat, z2t—1), p(x2t, T2t41)}) — 7. (3.15)

If max{p(zat, T2t—1), p(T2t, T2t+1)} = p(T2t, T2t41), then (3.15) yields a contradiction. Thus,
max{p(zat, xat—1), p(2t, T2e+1)} = p(@2t, x2¢—1) and hence

F(p(zat, w2t41)) < F(p(z2e-1,72t)) — 7. (3.16)
If n is odd, then n = 2t + 1 for some t € N. By similar arguments as above we can show that
F(p(z2t+1, Tarv2)) < F(p(@2e, x2641)) — T (3.17)

By (3.16) and (3.17), we have

F(p(zn, 2nt1)) < F(p(zn-1,20)) — 7. (3.18)
By repeating (3.18) n-times, we get

F(p(zn, ni1)) < F(p(zo, 1)) — n,

for all n € N. Therefore, {z,} is a Cauchy sequence in X as in the proof of Theorem 3.1. Since X
is complete, there exists z* € X such that lim dy(xn,z") = 0 and so
n—oo

p(z*,2") = lim p(zn,2") = lim p(zn,zm) =0.
n—oo n,m—oo
Now we will prove that Txz* = Sz* = z*. For this, suppose that F is continuous. Then we consider
two cases.

Case 1. For each n € N, there exists ¢, € N such that p(zini1,T2") = 0 and iy > én—1 where
i0 = 1. Then we have
p(e", Ta") = lim pleinsr, Ta") = 0.
n— oo

Therefore, * = Tz*, that is, * is a fixed point of T'. Suppose p(Tz", Sz*) > 0; then by (3.14) we
obtain

P P se) < F (max{pet o). plet T, ple” sa), K ST AT IO )
+Lmin{dy(z", Sz"),dw(z", Tx™)}
= F(max {p(x*,9L’*),p(x*,S9[:*),p(m ,577) £ p(a’@ )}>

2
+Lmin{dw(z*, Sz"),dw(z",z")}

= F(p(z*,Sz"))
= F(p(Tz",Sz"))

10
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a contradiction as 7 > 0. Therefore, we have p(T'z*, Sz*) = 0, that is, Tz* = Sz* = z*. Thus, z*
is a common fixed point of 7" and S.

Case 2. There exists na € N such that p(z,,Tz*) > 0 for all n > ny. For any n > na, we get from
(3.14) that

T+ F(p(Tz", 22n42)) T+ F(p(Tz*, Szani1))

F(max{p(z", x2n+1),p(x", Tx"), p(x2n+1, STan+1),
[p(z", S2n+1) + p(z2n+1, T2")]/2})
+Lmin{dy(z", STon+t1), dw(T2nt1, TT")}
F(max{p(z", x2n+1),p(z", Tx"), p(T2n+1, T2nt2),
[p(z", T2n+2) + p(@2nt1, Tz")]/2})

+Lmin{dy (2", 22n+2), dw(T2nt+1, T2™)}.

IN

Using continuity of F' and letting n — oo in the above inequality we obtain
T+ F(p(z*,Tz")) < F(p(z*,Tx")),

which is a contradiction. Therefore, we get p(z*,Tz*) = 0, that is, 2* is a fixed point of T.Then,

by similar arguments as in Case 1, we may show that Sz* = z*. So, ¥ is a common fixed point of
T and S. O

The common fixed point of T"and S in Theorem 3.6 is unique if we replace min{d., (x, Sy), dw (y, Tx)}
by min{d (z, T'z), dw(z, Sy),dw(y, Tx)} in (3.14). So, we have the following theorem.

Theorem 3.7. Let (X,p) be a complete weak partial metric space and T,S : X — X be two
mappings. Suppose that F € F and there exist 7 > 0 and L > 0 such that, for all x,y € X
satisfying p(T'z, Sy) > 0, the following holds:

2
+Lmin{dy(z,Tx),dw(z, Sy),dw(y, Tz)}. (3.19)

T+ F(p(Tz,Sy)) < F (max {p(a}, y), p(z, Tx), p(y, Sy), p(z, Sy) + ply, Tx) })

If F is continuous, then the common fixed point of T and S is unique.

Proof. The existence of the common fixed point of 7' and S follows from Theorem 3.6. To prove
the uniqueness of the common fixed point of T and S, assume that z* and y* are two common fixed
points of T and S and z* # y*. Then, we have Tz* = Sz* = 2™ and Ty* = Sy* = y*. First, we
show that p(y*,y") = 0. Suppose that p(y*,y™) > 0. Then, from (3.19), we get

T+ F(p(Ty", Sy™))
F (max {P(y*7y*),p(y*,Ty*),p(y*,Sy*),p(y SY") +py*, Ty )}>

2
+Lmin{dy, (y", Ty"), dw(y", Sy*), dw(y”, Ty")}
= F(p(y",v"),

T+ Fpy™,y"))

IN

11
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which is a contradiction. Thus p(y*,y™) = 0. Now, since p(T'z*, Sy*) > 0, from (3.19), we have

T+ F(p(z",y") = T+ F(pTz",Sy"))
* * * CE*,S * + *,Tl'*
< F(maX{p(w,y) p(@",Tz"),p(y", Sy ),p( y)Qp(y )}>
+Lmin{du (2, Ta), du(@®, Sy*), du(y”, Ta")}
* * * * IL'*, * + *7'T*
= (maX{p(w,y w),p(y,y),p( y)2p(y )})
= F(p(=",y").
It is a contradiction.Then, we conclude that p(z*,y*) = 0, that is #* = y*. This proves that the
common fixed point of T" and S is unique. O

Taking T'= S in Theorems 3.6 and 3.7, we have the following results.

Corollary 3.8. Let (X,p) be a complete weak partial metric space and T : X — X be a mapping.
Suppose that F € F and there exist 7 > 0 and L > 0 such that, for oall z,y € X salisfying
p(Tx,Ty) > 0, the following holds:

T+ F(p(Tz,Ty)) < F (max {p(x, ), ple, Ta), ply, Ty), LT ;rp(y’ ro) })
+L min{duw(z, Ty), dw(y, Tz)}.

If F' is continuous, then T has a fized point in X.

Corollary 3.9. Let (X,p) be a complete weak partial metric space and T : X — X be a mapping.
Suppose that F' € F and there exist T > 0 and L > 0 such that, for all v,y € X satisfying
p(Tx, Ty) > 0, the following holds:

 F(p(Tx,Ty)) < F<max{p(x,y),p(m,mp@,zvy),

+Lmin{dy(z,Tx),dw(z, Ty),dw(y, Tx)}.

p(x, Ty) -QFP(% Tx) })

If F' is continuous, then T has a unique fixed point in X.

We see that the following corollary becomes a direct result, if we take L = 0 and T'= S in Theorem
3.6.

Corollary 3.10. Let (X,p) be a complete weak partial metric space and T : X — X be an F-weak
contraction. If T or F is continuous, then T has a unique fized point in X.

From Corollary 3.10, we get the following result:
Corollary 3.11. Let (X,p) be a complete weak partial metric space and T : X — X be a mapping.
Suppose that there exist F € F and T > 0 such that, for all x,y € X satisfying p(Tx,Ty) > 0, the
following holds:

7+ F(p(Tz, Ty)) < F(ap(z,y) + bp(z, Tz) + cp(y, Ty) + elp(z, Ty) + p(y, Tz))), (3.20)

where a,b,c,e >0 and a+b+c+2e < 1. If T or F is continuous, then T has unique a fized point
in X.

12
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Proof. The proof will follow from Corollary 3.10, if we can show that condition (3.1) holds for all
z,y € X with p(Tz,Ty) > 0. Then, from (3.20), we have

ap(z,y) + bp(x, Tx) + cp(y, Ty) + e[p(x, Ty) + p(y, Tz)]

p(z, Ty) + ply, Tx) }
2

IN

(a+b+c+2) max {p(x, ¥ 0, Ta), ply, ),

p(z, Ty) + ply, Tx) } 7

IN

max {p(l‘, y), p(z, Tx), p(y, Ty), 5

for all z,y € X with p(Tz,Ty) > 0. Then, by using (F1), we obtain
T+ F(p(Tz,Ty)) < Flap(z,y) + bp(z,Tz) + cp(y, Ty) + e[p(z, Ty) + p(y, Tz)])

< F <max {p(fv,y),p(fc,T:v),p(y,Ty), ez, Ty) + p(y, T'z) }) ;

2
for all z,y € X with p(Tz,Ty) > 0. Then the proof is completed. O
Now, we give an illustrative example.

Example 3.12. Let X = [0,1] and p(z,y) = |z —y| = dw(x,y). Therefore, since (X,dy) is
complete, then by Lemma 2.2 (X, p) is a complete weak partial metric space. Let T, S : [0,1] — [0, 1],

z €1[0,1),
rz =1

1
Tac:SJc:{ 3
4
Therefore, by choosing Foo =Inca, « € (0,400) and 7 =1n3, for x € [0,1) and y = 1, we obtain
11 1 1 1
T = Z )= =-Z|=Z
p(Tz, Sy) p<2,4> ’2 4’ 10

and

>p(1,81) = %

max {p(m, 1), p(z, Tx), p(1, S1), p(z,51) —;—p(l, Tz) }

Then, for any L > 0, we obtain

T+ F(p(Tz,Sy)) = ln3+lni
= F(p(1,S1))
< F (max {p(z, 1), p(=, Ta:),p(l,Sl),p

+Lmin{dy(z,Tz),dw(z, S1),dw(1,Tz)}.

(x,51) —12—;0(17 Tx) })

1
This shows that all conditions of Theorem 8.7 are satisfied and so 5 is the unique common fized
point of T and S.

Theorem 3.13. Let (X,p) be a complete weak partial metric space and T : X — X be a mapping.
Suppose that F € F and there exist 7 > 0 and L > 0 such that, for all z,y € X satisfying
p(Tz, Ty) > 0, the following holds:

T+ F(p(Tz,Ty)) < F(max{p(z,y),p(z,Tz),p(y, Ty)})
+Lmin{dy(z,Tz),dw(z, Ty), dw(y, Tz)}. (3.21)

If F' is continuous, then T has a unique fixed point in X.

13
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Proof. Let xo € X be an arbitrary point. Let us define the sequence {z,} C X as zn41 = Tz, for
all n € N. Assume p(zn,Tn+1) > 0 for all n € N. By (3.21), we have

F(p(xn7xn+1)) = F(p(Trn-1,Tzn))
F(max{p(‘rn*hmn)vp(mn*hTmn*le(InaTxn)})
+Lmin{dw(zn-1,TTn-1),dw(@n-1,TTn),dw(Tn, TTn-1)} — T
F(max{p('xnflaxn)’p(x"*hxnhp(xnvanrl)})

+L min{dw(Tn-1,%n), dw(Tn-1, Tnt1), dw(@Tn,Tn)} — T

= F(max{p(zn-1,Tn), p(Tn, Tnt1)}) — T

IN

If max{p(zn-1,%n), P(Tn, Tnt+1)} = D(Tn, Tn+1), then

E(p(@n, tnt1)) < F(p(Tn, Tnt1)) — 7
a contradiction. Thus, max{p(zn—1,Zn), p(Tn,Tn+1)} = p(Tn—1,2n) and hence

F(p(en, nt1)) < F(p(en-1,22)) = 7, (3.22)
for all n € N. Repeating (3.22) n-times, we get that

F(p(zn, Tnt1)) < F(p(zo,71)) — n7.

Rest of the proof can be obtained as in the proof of Theorem 3.1. Also, it can be shown that the
fixed point of T is unique as in the proof of Theorem 3.7. O

By the aid of Lemma 2.4, we have the following result of Theorem 3.13.

Corollary 3.14. Let (X,p) be a weak partial metric space and T, S : X — X be two mappings.
Suppose that F € F and there exist T > 0 and L > 0 such that, for oll z,y € X satisfying
p(Tz, Ty) > 0, the following holds:

T+ F(p(Tz,Ty)) < F(max{p(Sz,Sy),p(Sz, Tz),p(Sy,Ty)})
+Lmin{d.,(Sz,Tz),dw(Sz, Ty), dw(Sy, Tz)}.
Also, assume that
. TX CSX.
1. SX is a complete subspace of the weak partial metric space X.

If F is continuous, then T and S have a unique point of coincidence in X. Moreover, if T and S
are weakly compatible, then T and S have a unique common fixed point.
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