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Abstract

In this work, we propose an HIV infection model with cure of infected cells in eclipse stage and
delay in the activation of immune response. The stability of the equilibria and the existence
of the Hopf bifurcation are investigated. Moreover, numerical simulations are carried out to
illustrate our theoretical results.
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1 Introduction

Cytotoxic T Lymphocytes (CTL) cells are responsible of cellular immunity and they play a crucial
role in antiviral defense by killing the productive infected cells. In addition, the activation of CTL
immune response is not instantaneous. In reality, there is a delay in activation of CTL immune
response. To model the impact of this delay on the dynamics of human immunodeficiency virus
(VIH) infection, we propose the following model

dl
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dt

=X—purT(t) = f(T{), V(£)V(t) + pE(R),

=f(T@®),VO)V({E) — (ke +p+7)E®),

=7yE(t) — pl(t) — pI(t)C(1), (L.1)
=kI(t) — pvV (1),

=al({t—7)C({t—7) — pcC(t),

where T'(t), E(t), I(t), V(t) and C(t) represent the concentrations of uninfected CD4" T cells,
infected cells in the eclipse stage (unproductive infected cells), productive infected cells, free virus
particles and CTL cells at time ¢, respectively. Further, A is the production rate of the uninfected
cells and f(T,V) is the rate of uninfected cells to become infected by virus. The parameters pr,
e, 1, pv and pc are the death rate of uninfected CD4™T T cells, infected cells in the eclipse
stage, productive infected cells, free virus particles and CTL cells at time ¢, respectively. The ~,
k and a are, respectively, the rates at which infected cells in the eclipse stage become productive
infected cells, the production rate of virions by infected cells and the proliferation rate of CTL cells.
The p represents the clearance of productive infected cells by CTL cells and p is the cure rate of
the unproductive infected cells (i.e., the rate at which the unproductive infected cells return to the
uninfected cells). Moreover, the infection transmission process is modeled by Hattaf’s incidence
rate [1] of the form f(T,V) = m, where a1, a2, ag > 0 are constants and 8 > 0
is the infection coefficient, and it includes the bilinear incidence rate, the saturated incidence rate,
the Beddington-DeAngelis functional response [2,3] and Crowley-Martin functional response [4].
Finally, 7 represents the time needed for the activation of the CTL immune response.

On the other hand, the model governed by ordinary differential equations (ODEs) and presented by
Maziane et al. in [5] is a special case of (1.1) when the delay in activation of CTL immune response
is absent. It is important to note that the ODE model [5] is the generalization of the viral infection
model in [6] and the improvement of the ODE models presented in [7-11].

The rest of this paper is structured as follows. In the next section, we first show the nonnegativity
and boundedness of solutions, after, we discuss the existence of equilibria for system (1.1). The
stability of the equilibria and the existence of Hopf bifurcation are investigated in section 3. Some
numerical simulations are given in section 4 to illustrate our main results. Finally, the paper ends
with a brief conclusion in section 5.

2 Basic Results

First, we establish the positivity and boundedness of solutions of model (1.1). The cell numbers
should remain non-negative and bounded because this model describes the evolution of a cell
population. Let C' = C([—7,0];R%) be the Banach space of continuous functions mapping from
[—7,0] to R® equipped with the sup-norm. Using the fundamental theory of differential equations
[12], we can easily show that there exists a unique solution (T'(t), E(t), I(t), V(t), C(t)) for system
(1.1) with initial conditions (To, Fo, lo, Vo, Co) € C. Moreover, and for biological reasons, we assume
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that the initial conditions are non-negative
To(s) > 0,Eo(s) > 0,1o(s) > 0,Vp(s) > 0,Co(s) >0, for se[—7;0]. (2.1)

Proposition 2.1. The solution of system (1.1) satisfying condition (2.1) remains non-negative and
bounded for all t > 0.

Proof. It is easy to show the positivity of the solution of system (1.1) with initial conditions
satisfying (2.1). Now, we show the boundedness of solution. Define

G(t) = T() + E(t) + 1(t) + SV (1) + 5 -C(t+7),

2k
then
aG oy B _pr _ pIpyv ppc D
o =A—purT(t) — usE(t) 2I(t) 2% V(t) - 94 ——C{t+7)— 2I(t)C(t)

where p = min {HT:NE: %,,uv,,uc}. Hence

G < maX{G(O), %}

Therefore, T'(t), E(t), I(t), V(t) and C(t) are bounded. H

Next, we discuss the existence of equilibria for system (1.1). Based on the results given in [5], we
deduce that system (1.1) has an infection-free equilibrium of the form Qg (M—T, 0,0,0,0).

Hence, the basic reproduction number of (1.1) is given by

_ Bk
prpv(Aea + pr)(p+ pe +7)

(2.2)

We recall that Ry represents the number of secondary infections produced by one productive infected
cell during the period of infection when all cells are uninfected.

If Ro > 1, there exists an other biological equilibrium Qi(71, E1,I1,V1,0) with Ty € (O, ﬁ)
E, = AM “iTl L = WIEI)\(H; Tf;l>) and V; = % This equilibrium correspond to positive
levels of healthy cells, unproductive infected cells, productive infected cells and virus, but no CTL

immune response.

In addition to Ro, we define the CTL immune response reproduction number R; of our ODE model
by
1
Ry =21, (2.3)
1te]
where T represents the average life expectancy of CTL cells, and I; is the number of productive
infected cells at Q1. Hence, R; represents the average number of CTL cells activated by the
productive infected cells when viral infection is successful.

If Ry > 1, there exists an infection equilibrium Q2(7%, Bz, Iz, Va, C2) with T3 € (0, ﬁ—w),

aypr
By = 22prTe f — po = ki ang 0, = 9@QoprTe)—minewety)  Thig equilibrium denotes the
puo(pE+7)

state in which both the virus and the CTL immune response are present.
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Theorem 2.1.

(i) When Ro <1, the system (1.1) has always an infection-free equilibrium of the form
A
QO( 70707030)'
W

(ii) When Ro > 1, the system (1.1) has an immune-free infection equilibrium of the form

Q1(Ty, Ev, 11, V4,0) with Ty € (07 %), Ey = 2T 1 — AQ—prT) g Vi = ey —prT)
T

rE+Y ? wr(pe+v) prpv (wE+y) "

(iii) When R1 > 1, the system (1.1) has an infection equilibrium of the form Q2 (T2, E2, I, V2, Cb)
s A (LE+v) _ A—upT _ _k
with Ty € (0, - — HIECRERL) [y = 22072 [ = EC Vo = 08C and
Oy = Q—prTo)—prpuc(ppt+y)
2 prc(kE+7) ’

3 Stability Analysis

Now, we focus on the global stability of the infection-free equilibrium Qo and the immune-free
equilibrium @Q;. At first, let ®(z) =  — 1 — In(z). Note that ® has a global minimum at 1
and ®(1) = 0. To simplify, we will use the notation: ¢(t) = ¢ and (¢t — 7) = -, for any ¢ €
{T,E,1,V,C}.

Theorem 3.1. If Ry < 1, then the infection-free equilibrium Qo is globally asymptotically stable.

Proof. Consider the following Lyapunov functional

T 2
f(To,0) p(T—To + E)
Wo(T,E,I,V,C) = T—Ty— ds +
o ) 0 /TO f(S,0) 2(1 4+ aaTo)(pr + pe +v)To
pptpuety o plptps ), pletpet+7)
v ky ay

t
+p(p + ;;E +7) / 1Cds,
t—71

where Ty = 2.
wr

Calculating the time derivative of Wy along the positive solutions of system (1.1), we obtain

awo (1_ f(TO,O))g p(T —To+ E)(G + %)
dt f(T1,0) ) dt (14 arTo)(pr + pe +7)To

p+ues+~ydl | o pr(p+pe+v)dV  plp+pe+7v)dC
rre=tv i R =z =

+ 0% dt tEt k~y dt + avy dt

t
+w1/ 1C4d6.
v dt t—1
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Noting that A = purTo, we get

dWo _ f(15,0) _ f(16,0)f(T,V) _ f(15,0)
i = (1 e FEGEEOV (1= S ) v
pur (T — To)* a plps +7)E°

I+ oaTo)(pr +pe+vTo 1+ arTo)(pr + pe +v)To
pE (TO_T)_p(p+uE+7)Ic_muv(p+uE+v)V

L PE
1+ a1T0)To v ky
(Rotie ) o neplet s £9) g Pt e ) e g o)
v ay Y
= - <l + p > pr(T — Tp)* plpe +7)E?
T (pr+pe+7)T) 1+ (1 +aaTo)(pr + pe +7)To
p(T —To)’E  prpv(p+ pe +7)
_ + Ro— 1)V
(1 + a1To)TTo kry (fo=1)
(02 + asT)V? pop(p+ pe +7)
_ Tp,0) — ———=—"C.
1+a1T+a2V+a3TVf( 00) ay ¢

Therefore, d?:“ < 0if Ry < 1. Further, dg‘t/o =0 if and only if T = ﬁ7 E=0,I1=0,V =0and
C = 0. Hence, the largest compact invariant set in {(T, E,I,V, C)|% = 0} is just the singleton

{Qo}. Thus, the global stability of the infection-free equilibrium Qo follows from LaSalle’s invariance
principle [13]. [ ]

Theorem 3.2. The immune-free infection equilibrium Q1 of system (1.1) is globally asymptotically
stable if R1 <1< Rop and

[prprpy (pe +7) + copr Ay (L 4+ p +7) + paskyA’ (3.1)

Ry <1+
prrpv (pe + p+ ) (Hr + a1X)

Proof. Constructing a Lyapunov functional W as follows

T
f(T1, V)
WW(T,E,1,V,C) = T-T,— [ 14L"q
i ) ST EAT)

p(1+ Vi) (T — Ty + E — E1)?

+
21+ anTy + a2Vi + asTaVi) (pr + pe +7)Th
f(Tl,V1)V1 1 E HIf(Tth)Vl Vv
— L [ P(— FE1®(— — L V1 ®(—
* vE1 ! (11)+ ! (E1)+ kvE; Vi (Vl)
t
pf(T1,V1)‘/10+pf(T17V1)V1 / 1040,
avEn vEL t—r

The time derivative of Wi along the positive solutions of system (1.1) satisfies

awy ( B f(Tl,Vl))dl p(L+aVi)(T =T + E - B1) (% + )
dt - f(r,vh) ) dt 1+ oaaTh + a2Vi + asTiVh) (ur + pe +v)Th
F(Ty, Vi)W L\ dI E\\dE  pif(Ty,Vi)Va i\ dv
TACE R A VACY I N (et ) e A R A N G Ry
TR 7)at ™ E)a T kB V) di
pf(T1,V1)V1 dc pf(Tl,Vl)Vld/t
= = 1Cdf.
avEx dt + vEy dt J,_. ¢
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Using A = purTi + f(T1,V1i)Vi — pE1, we get

d?;l _ ( _f(Tl,V1)>HT(T1_T)+f(Tl,Vl)f(T,V)

(T, V1) (T, V1)
_ prp(l 4+ a2Vi) (T —T1)?
14+ a1Th + c2Vi + a3 Vi) (pr + pe + 7)1
_ p(1+ V1) (pe +7) (B — B))?
1+ o + Vi + asTiVh) (pr + pe + 7)1

~ p(l+aeV)(E-E)(T-T1)>  (f(T1,Vh))*
(1 + 1Ty + Vi + asTi Vi)W T (T, )

ol )

Vi+ 4f(T1,V1)V1

LE E1 1%V
—f(T — f(T: L HTLV)VEE - AT 2
f( 17‘/1)‘/ f( 17V1)‘/11E1 f( 7V)V E f( 17‘/1)‘/111‘/
pf(Ty,V)Vi . pc
M (I —=—=)C
(14 a2Vi)(T - T1)* ( purT )
= — Ty — pE1) + ————— + pE
TT(1+ anTi + asVh + asTiVh) (nrTy = pEn) pr + pE + 7y r

3 p(E — E1)*(14 aaVh)(ps +7)
Th(14 a1Ti + a2Vi + asTaVi) (ur + pe +7)
f(T,W)  LE  f(T,V) VEL Wl f(T7V1)>
NTUTI 79N Y R ACEEACVRNNE LA SCLA 0 M S S LA ACAEY)
v (- S~ BT - RGO ME ~ v Ty
(T, V) (1 + oaaT) (o2 + asT)(V — Vi)?
A+ aaT 4+ axVi + asTVi)(1 + ouT + a2V + a3TV)
ppc f(T1, Vi)V
+—
avEn

(R, —1)C.

Using the arithmetic-geometric inequality, we get

s fMW) LE  f(TV) VE. W f(T, V)

f(T,Vi)  EI - f(Ty,Vi) iE VL Wgo. (3.2)

Therefore, 0 < 0 if Ry < 1 and pE1 < prTh.

Obviously, the condition pFE1 < urTi is equivalent to

[prprpy (pe +7) + copr My (pe + p +7) + paskyA®

Ry <1+
0 prrpy (pe + p+7)(pr + a1X)

In addition, d;‘t/l =0ifandonly if T =T, E = F1, 1 =11, V =V; and C = 0. Hence, the largest

compact invariant set in {(T, E, I, V,C’)|d§t/1 = 0} is the singleton {Ql}. This prove the global

stability of Q1 by using LaSalle’s invariance principle [13]. |

For the global stability of the chronic infection equilibrium, we give the following result without
any proof, since the proof is similar to that presented by Maziane et al. in [5].

Theorem 3.3. When 7 = 0, the chronic infection equilibrium with immune response Q2 is globally
asymptotically stable if R1 > 1 and

kBucp < crdpapy + pr(p + pe + ) (azkpc + apy) + aspAkpc. (3-3)
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Next, we investigate the local stability of the chronic infection equilibrium Q2 (1%, E2, I2, V2, Ca).

The associated characteristic equation of system (1.1) is given by

where,

asz =

a4 =

as =

b1

bs

bs

b

bs

)‘5+a1)‘4+a2)‘3+a3>‘2+a4)\+a5—|—6_h(bl)\4+b2)\3+b3)\2+b4)\+b5) —o, (3.4)
of (T, V-
%VQ+#T+H1+ﬂv+uc+pCQ+ME+p+%
Of (T, V-
(%%ﬂm) [(NE+P+W)+MV+MI+MC+1)CQ}
+(ue +p+7)(uv + pr + po +pC2) + (ur + pC2)(uy + pe) + pv pe + prp,
Of (Tx, Vs
(%% +MT> |:(NV +MC)(IJJ +pC'2) +MVMC:|
Af (T, V-
+<%VQ+MT)(ME+V)(W+MV4-MC +pCo) + popv (pr +pCe + up +p +7)
of (T, V-
*M%Vz + prp(pv + pr + pe + pCa),
Of (Tx, Vs
(%% + HT) [Hvﬂc(ur +pC) + (e +7) (v + pr + pCa)uc
of (13, V: Of (T, V-
_k:’yMVQ _k’YMCMVQ“FPMT (1 + pCs) (e + pv) + pv pc
ov oV
of (12, Vs Of (Ts, Vs
+ f(a; 2)V2[k7 f(ai/ 2)‘/2+NV(,U/E+’}’)(M1+pCQ):|,
0f (T2, Vo) (T2, V2) Of (T, Vo), Of(Ta,Va)
,Cgﬁfwwam—@v—wm+ 2o (L2 2y, 1 (1, i)
Of (T, Vs
—kwwv%\@,
—HC,
[Of(T>, Vs
—HC %VQ“_NT‘FHI“FMV‘FHE—F[)—FW},
[ OF(Tu, V.
—pc (%Vg"‘MT) (u1+uv+uE +7)+/““V+(N1+NV)(ME+p+7)+puT],
(051 V: O (T, Vi
—he (%VQ +MT) (“I“V + (we +7)(pr +NV)> - k’Y(%VQ +f(T2,V2)>

+prp(pr + uv)},

[(0f (T2, V2)
\"ar

Of (T, Va)

Vo + MT)MI,HV(/-LE +7) — kyur <7V2 + f(T2, Vz)) + puﬂuuv] .

“He v

For 7 # 0, we assume that A = iw with w > 0 is a purely imaginary root of (3.4). substituting
A =iw in (3.4) and equating real parts and imaginary parts, we have

w® — asw® + asw = (b1w4 — byw? + bs) sinwt + (b2w3 — byw) cos wr,

arw* — azw? + a5 = —(biw* — byw? + bs) coswr + (bow® — baw) sin wr. (3.5)
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Squaring and adding both equations of (3.5), we obtain

W 4 c1w® + eaw® 4+ csw® +csw? + o5 = 0, (3.6)
where
c1 = a?—Qag—bf,
Cco = a% + 2a4 — 2a1a3 + 2b1bs — bg,
c3 = a§ — 2a0a4 — b§ + 2babs + 2a1a5 — 2b1bs,
c4 = a3 — b3 — 2azas + 2bsbs,
2 2
Cs = as — b5.
Letting z = w? yields
h(z) = 2"+ c12* + ca2® + 32> + caz + 5 = 0. (3.7)

Lemma 3.4. Ifcs <0, then Eq. (3.7) has at least one positive root.

Proof. Since lim._, o h(z) = +00 and h(0) = ¢5 < 0, then there exists a zo € (0, 400) such that
h(ZO) =0. [ |

For the case of ¢5 > 0, we consider the following equation
B'(2) = 52" 4 4c12° 4 3c22” + 2¢32 4 ¢4 = 0. (3.8)

Let z =y — Lc1, then equation (3.8) becomes

v+’ +ay+r =0, (3.9)
where

= —£C2+§C
b1 = 25 1 5 2,

= i03 + Ec c2 + gc
q1 = 125 1 25 162 5 35
ry = —ic4+i020 —zcc +lc
' 625 ' 125 7 2501 T TH

If g1 = 0, then the solutions of (3.9) are

=P+ VAo _ [ —p1 4+ VAo

Y1 = ) Y2 = — )
2 2

_[=p1— VAo _ —p1 — VAo

Ys = 2 ) Ya = — 2 )

where Ag = p? — 4r;. Then z; = y; — %cl, i =1,2,3,4 are the roots of (3.8). From [14], we have
the following result.

Lemma 3.5. Suppose that cs > 0 and ¢1 = 0.

(1) If Ao <0, then (8.7) has no positive real Toots.

(ii) If Ao >0, p1 >0 and r1 > 0, then (3.7) has no positive real Toots.

(iii) If (¢) and (it) are not satisfied, then (5.7) has positive real roots if and only if there exists at
least one z* € {z1, z2, 23, za} such that z* >0 and h(z") < 0.
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Next, we assume that g1 # 0. Denote

p2 = —gp?—‘lﬁ,
28
q2 = 27101 3P12 qi,
1 - 1
Ay = ﬁpg+1q§’
_ 3 q2 3 q2 ~— 1
Sx = —E+VA1+ B Al"‘gph
2
Ay = —s*—p1—|—L7
Sx — P1
Az = —Sx —P1 — 20
Sx — P1
_ Q 1
zZ= —
2(pr—s.) 5

Similarly to [14], we get the following results.

Lemma 3.6. Suppose that cs > 0, g1 # 0 and s« > p1.

(i) If A2 <0 and Az < 0, then (3.7) has no positive real Toots.

(ii) If (¢) is not satisfied, then (3.7) has positive real Toots if and only if there exists at least one
2" € {21, 22, 23, 24} such that z* > 0 and h(z*) < 0.

Lemma 3.7. Ifcs > 0, ¢1 # 0 and s« < p1, then (8.7) has positive real roots if and only if
2

41 4+ 1s5.=0,2>0 and h(z) <0.

4(p1—s4)?
Suppose that (3.7) has positive roots zx, k = 1,2, 3,4, 5, where wy = \/zx. From (3.5), we have

(w5 — asw® + a4w)(b2w3 — baw) — (a1w4 — azw? + a5)(b1w4 — byw? + bs)

COSWRT = (baw?® — baw)? + (brw? — byw? + bs)?
= L(ws).
Let
= wi arccos L(wg) + 2jm |, k=1,2,3,4,5 j=0,1,2,...
k

Then =iwy, is a pair of purely imaginary roots of (3.4) with 7 = 7F.

Define
k . k
=70= min_ {7/}, Wo = Wy -

T0 = T;
Jo1<k<5,5>1

From Theorem 3.3 and Lemmas 3.4-3.7, we have the following result.

Lemma 3.8. Suppose that Ry > 1 and (3.3) hold.

(i) If one of the following holds: (a) cs < 0; (b) ¢5 >0, g1 =0, Ag >0 and py <0 orr; <0 and
there exist z2* € {z1, 22, 23, 24} such that z* > 0 and h(z*) <0; (¢) ¢c5 >0, q1 # 0, s« > p1,
Ay >0 or Az > 0 and there exist z* € {z1, 22, 23, z4} such that z* > 0 and h(z*) < 0; (d)

2

c5 >0, 1 #0, s« <p1, Mfls*)z + %s* =0, Z2>0 and h(Z) <0, then all the roots of (3.4)
have negative real parts when T € [0, 70).

(ii) If all the conditions (a) — (d) of (i) are not satisfied, then all roots of (3.4) have negative real
parts for all T > 0.
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Let A(7) = &(7) + iw(7) be a root of (3.4) satisfying £(7) = 0 and w(7) = wo. Differentiating the
two sides of (3.4) with respect to 7 and noticing that A is a function of 7, it follows that

@ - _ _ 5AY + 4a1 N3 + 3a2)\? 4 2as\ + aq
ar) AN+ a1 A+ aa A3 + asA2 + as) + as)
4b1 A% + 3b2 A% + 203\ + by T

XDIN + boX3 + b A2 + ok + bs) A

By (3.5) we get

|:dR€()\(T)):| - (5w — 3aswi + a4)(—ws + aswi — aswd)

. T (.6 4 _ 22 5 _ 3 2
dr - (—wf + asw; — aaw?)? + (1w — azw; + aswe)

(4arw} — 2azwy)(a1w? — azwi + aswy)
(—wf + asw} — aaw?)? + (aw} — asw; + aswi)?
(—3baw} + by) (bawp — baw?)
(bgw;i — b4w,%)2 + (b1wz — bgwi’ + b5wk)2
(—4byw} + 2bzwy) (biw) — baw} + bswy)
(bzw,‘i — b4w,%)2 + (blwz — bng + b5wk)2 ’

+

From (3.4) we obtain
(w5 — asw® + a4w)2 + (a1w4 —azw? + a5)2 = (bgw3 — b4w)2 + (b1w4 — bw? + bs).

Then

|:dR6()\(T)):| -t 5zp 4 4c1 23 + 3cazf + 2c321 + a4
i (brwy — bswi + b5)2 + (baw} — ba)?
h' (2x)
(blwﬁ — bng —+ b5)2 —+ (bng — b4)2 ’

Therefore, it follows that

sign{w} . = sign{W} B = sign {h/(zk)}.

dr T _
T=Tj,

dX\k(7)

Since zj > 0, then Re{
dr

] ~and h/(zx) have the same sign.
7'77']

Summarizing the above analysis in the following result.

Theorem 3.9. Suppose that Ry > 1 and (3.3) hold.

(i) If the conditions (a) — (d) of Lemma 3.8 are all not satisfied, then the chronic infection
equilibrium Q2 is locally asymptotically stable for all time delay T > 0.

(ii) If one of the conditions (a)—(d) of Lemma 3.8 is satisfied, then the chronic infection equilibrium
Q2 is locally asymptotically stable for T € [0, 70).

(iii) If the condition of (ii) is satisfied and h'(zx) # 0, then system (1.1) undergoes a Hopf
bifurcation at Q2 when T = T9.

10
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4 Numerical Simulations

We choose the following data set of system (1.1): A = 10, ur = 0.0139, 8 =2.4 x 107°, a; = 0.1,
a2 = 0.01, az = 0.00001, p = 0.01, v = 0.01, pur = 0.27, ug = 0.0347, p = 0.001, k = 1200, py = 3,
a = 0.002 and puc = 0.1. By calculation we have Ry = 0.1141 < 1. In this case, system (1.1)
has an infection-free equilibrium Q(719,4245,0,0,0,0). Hence, by Theorem 3.2, Qy is globally
asymptotically stable. (See fig 1).

In fig 2, we choose 8 = 0.0012 and keep all other parameter values. By calculation, we have

Ro = 3.2055 and Ry — 0.8183 and zprsv ety tosurdil(pptotntpashyd® _ 3 3465 Tp this
0 : 1 : puriy (pE+e+v)(pr+ai ) ! :

case, system (1.1) has an immune-free equilibrium @Q1(139.7195, 180.2658,6.6765,2671.8,0). By

Theorem 3.3, Q; is globally asymptotically stable. In the absence of CTL cells, the CD4™T cells

decrease to the value 139.7195, which means that the patient enters in the phase AIDS, (< 200 cell
-3

Now, we change one parameter, which is a = 0.065, then, we have R1 = 3.8292 > 1, condition (3.3)
holds and (3.4) have no positive root. Then, the system (1.1) have a chronic infection equilibrium
Q2(341.6990, 129.5433,1.9973, 798.8222, 380.0478). From the Theorem 3.9(i), we get that Q2 is
locally asymptotically stable for any time delay 7 > 0. (See fig 3).

Next, we choose k = 1500, then we get that Ry = 4.1492 > 1, condition (3.3) holds and (3.4) have
two positive roots. By calculation, we have 79 = 45,1203. From Theorem 3.9 (i), Q2(319.4270,
122.1529,1.4771,738.3008, 557.2327) is locally asymptotically stable for if 0 < 7 < 79. (See Fig. 4).

Finally, Fig 5 shows the occurrence of Hopf bifurcations in the case of 7 = 67 > 79.
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5

Conclusion

In this paper, we have proposed a delayed HIV infection model with cure of infected cells in eclipse
stage. The delay represents the time needed for the activation of the CTL immune response.
In addition, the infection transmission process in the proposed model is modeled by Hattaf’s
incidence rate that includes the traditional bilinear incidence rate, the saturated incidence rate,
the Beddington-DeAngelis functional response and Crowley-Martin functional response. We have
proved that the delay has no effect on the dynamics of the model when Ry < 1 or R; <1 < Ryp.
However, when R; > 1, the model loses its stability when the time delay is large.
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