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Abstract

In this paper, closed forms of the sum formulas > }_, zFW2 for the squares of generalized
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> r—o 2" Wiy oWi, and > r—o Wi 3Wi. As special cases, we give summation formulas of the of
Tetranacci, Tetranacci-Lucas and some other fourth order linear recurrance sequences.
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1 Introduction

There have been so many studies of the sequences of numbers in the literature which are defined
recursively. Two of these type of sequences are the sequences of Tetranacci and Tetranacci-Lucas
which are special case of generalized Tetranacci numbers. A generalized Tetranacci sequence

{Waltnzo = {Wn(Wo, Wi, Wa, W3) }n>0
is defined by the fourth-order recurrence relations
Whn =rWho1 + sWh_o +tWp_3 + uWp_4, Wo=co,W1i =c1,Wa =co, Wz =c3, n>4 (1)
with the initial values Wy = co, W1 = ¢1, W2 = c2, W3 = ¢3 not all being zero.

This sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example [1,2,3,4,5,6].

The sequence {W, },>0 can be extended to negative subscripts by defining
t s r 1
W_n=—-W_(no1)y— —W_tnooy — —W_(n —W_(n-
a2 T W) = W) T W (neg)

for n =1,2,3,.... Therefore, recurrence (1) holds for all integer n.

In literature, for example, the following names and notations (see Table 1) are used for the special
case of 7, s,t,u and initial values.

Table 1. A few special case of generalized Tetranacci sequences

Sequences (Numbers) Notation OEIS [7]
Tetranacci {M,} ={W,(0,1,1,2;1,1,1,1)} A000078
Tetranacci-Lucas {R.} ={Wn(4,1,3,7;1,1,1,1)} A0T3817
fourth order Pell {P} = {W,(0,1,2,5:2,1,1,1)} A103142
fourth order Pell-Lucas QY = {Wn(4,2,6,17;2,1,1,1)} A331413
modified fourth order Pell {EPY = {(W,(0,1,1,3;2,1,1,1)} A190139
fourth order Jacobsthal {IY = {W,(0,1,1,1;1,1,1,2)} A007909
fourth order Jacobsthal-Lucas {jﬁf)} ={W.(2,1,5,10;1,1,1,2)} A226309
modified fourth order Jacobsthal {KT(;L)} ={Wx(3,1,3,10;1,1,1,2)}
A-primes (G} = {Wn(0,0,1,2;2,3,5,7)}
Lucas 4-primes {H,} = {Whr(4,2,10,41;2,3,5,7)}
modified 4-primes {En} = {Wxr(0,0,1,1;2,3,5,7)}

Here OEIS stands for On-line Encyclopedia of Integer Sequences. In the rest of the paper, for easy
writing, we drop the superscripts and write Py, Qn, En, Jn, jn, Ky and for P,(L‘l), ngl), E7(14>, JW , j7(14), K,(f),
respectively. For generalized fourth order Pell numbers and generalized 4-primes numbers see [8]
and [9], respectively.

The evaluation of sums of powers of these sequences is a challenging issue. Two pretty examples

are
n

Z(_l)kM]? = (_1)n (_MEH_Q + M72;+1 + Mn+4Mn+2 - Mn+3Mn+2 - Mn+3Mn+1)
k=0
and

n

D> (-DFRE = (=1)" (~Ris2 + Rai1 + RusaRnts — RuysRots — RuysRug1) + 7.
k=0

In this work, we derive expressions for sums of second powers of generalized Tetranacci numbers.
We present some works on sum formulas of powers of the numbers in the following Table 2.
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Table 2. A few special study on sum formulas of second, third and arbitrary powers

Name of sequence sums of second powers sums of third powers sums of powers
Generalized Fibonacci  [10,11,12,13,14,15,16,17,18]  [19,20,21,22,23,24,25] [26,27,28,29]
Generalized Tribonacci [30,31,32]

Generalized Tetranacci (33,34,35]

2 An Application of the Sum of the Squares of the
Numbers

An application of the sum of the squares of the numbers is circulant matrix. Computations of
the Frobenius norm, spectral norm, maximum column length norm and maximum row length
norm of circulant (r-circulant, geometric circulant, semicirculant) matrices with the generalized
m-step Fibonacci sequences require the sum of the squares of the numbers of the sequences.
For generalized m-step Fibonacci sequences see for example Soykan [36]. If m = 2,m = 3 and
m = 4, we get the generalized Fibonacci sequence, generalized Tribonacci sequence and generalized
Tetranacci sequence, respectively. Next, we recall some information on circulant (r-circulant,
geometric circulant) matrices and Frobenius norm, spectral norm, maximum column length norm
and maximum row length norm.

Circulant matrices have been around for a long time and have been extensively used in many
scientific areas. In some scientific areas such as image processing, coding theory and signal processing
we often encounter circulant matrices. These matrices also have many applications in numerical
analysis, optimization, digital image processing, mathematical statistics and modern technology.

Let n > 2 be an integer and r be any real or complex number. An n X n matrix C, is called a
r-circulant matrix if it of the form

Co C1 C2 R Cn—2 Cn—1
TCn—1 Co C1 e Cn—3 Cn—2
C, = TCpn—2 TCp—1 Co ce Cn—4  Cn-3
rci rc2 rC3 e TCn—1 Co nxn
and the r-circulant matrix C, is denoted by C, = Circr(co,c1, ..., cn-1). If r = 1 then 1-circulant
matrix is called as circulant matrix and denoted by C' = Circ(co,c1,...,cn—1). Circulant matrix

was first proposed by Davis in [37]. This matrix has many interesting properties, and it is one of
the most important research subject in the field of the computational and pure mathematics (see
for example references given in Table 3). For instance, Shen and Cen [38] studied on the norms
of r-circulant matrices with Fibonacci and Lucas numbers. Then, later Kizilates and Tuglu [39]
defined a new geometric circulant matrix as follows:

Co C1 C2 Cn—2 Cn—1

rCn—1 Co C1 Cn—3 Cn—2

Cox = T Cpn—2 TCn-1 Co Cn—4  Cn-3
"oy " 2c ™ 3cy o0 rep_a co

nxn

and then they obtained the bounds for the spectral norms of geometric circulant matrices with the
generalized Fibonacci number and Lucas numbers. When the parameter satisfies r = 1, we get the
classical circulant matrix. See also Polath [40] for the spectral norms of r-circulant matrices with a
type of Catalan triangle numbers.
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The Frobenius (or Euclidean) norm and spectral norm of a matrix A = (@ij)mxn € Mmxn(C) are
defined respectively as follows:

m. n 1/2 1/2
|A|F—<ZZ|aij|2> a4l = ((max )

i=1 j=1

where \; ’s are the eigenvalues of the matrix A* A and A" is the conjugate of transpose of the matrix
A . The maximum column length norm c1(.) and the maximum row length norm 71(.) of an matrix
of order n x n are defined as follows:

n 1/2 n 1/2
— .. 2 e s 2
e1(4) = max (Z |aij| > and 71(4) = max (Z |ai| ) :

i=1 j=1

The following inequality holds for any matrix A = Mpx»(C):
€
vn

Calculations of the above norms ||A|| 5, [|A]l,, c1(A) and r1(A) require the sum of the squares of
the numbers a;;. As in our case, the numbers a;; can be chosen as elements of second, third or
higher order linear recurrence sequences.

Al < [IAll, < [[Allf -

In the following Table 3, we present a few special study on the Frobenius norm, spectral norm,
maximum column length norm and maximum row length norm of circulant (r-circulant, geometric
circulant, semicirculant) matrices with the generalized m-step Fibonacci sequences which require
sum formulas of second powers of numbers in m-step Fibonacci sequences (m = 2, 3,4).

Table 3. Papers on the norms

Name of sequence Papers
second order], second order]
Fibonacci, Lucas [41,42,43,39,44,45,46,47,48,38,49,50,51,52]
Pell, Pell-Lucas [53,54]
Jacobsthal, Jacobsthal-Lucas [65,56,57,58]
third order] third order]
Tribonacci, Tribonacci-Lucas [59,30,60]
Padovan, Perrin [61,62,63]
fourth order] fourth order]
Tetranacci, Tetranacci-Lucas [64]

Also linear summing formulas of the generalized m-step Fibonacci sequences are required for the
computation of various norms of circulant matrices circulant matrices with the generalized m-step
Fibonacci sequences. We present some works on summing formulas of the numbers in the following
Table 4.

Table 4. A few special study of sum formulas

Name of sequence Papers which deal with summing formulas
Pell and Pell-Lucas [65,66,67],[68,69]
Generalized Fibonacci [70,71,72,73,74,75,76]
Generalized Tribonacci [77,78,79]
Generalized Tetranacci [80,81,6]
Generalized Pentanacci [82,83]
Generalized Hexanacci [84,85]
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3

Let

Main Result

A = (uz® -2 —dPat —uP2b + se 4 rta”® 4 2sur® + rPux® + su’a® — rtuat +1)

(7“21: + 2uz® — s22® + t°2® — wPa? + 25z + 2rta® — 2sua® — 1).

Theorem 3.1. If A # 0 then

(a)

(b)

(c)

(d)

< A
Zl’ka+1Wk = KQ7

k=0

n
k Az
Zl’ Wk+2Wk =
k=0 A
n
K Ay
Zm WisWy = ——,
k=0 A
where
20 20 20 20
Ar=> Ti Bo=3> Ok A=) & As=) Uy
k=1 k=1 k=1 k=1
with
I = —2" ™ (uz? + 22° + v?z* — ud28 + sz 4 rta? + rPuz® — su?e® + rtug® — )W2,,,
[y = —g""3 (r2m +uz? + 1223 o2t —ulab + sz + 222t +r2ula® — r2ulaT Frta® +rlsa® 4+
rita® + rtuct — su?a® — r2su?a® + 2rsta® + 3rtuzt 4+ 2r2suxt — 2rtu?a® + ritua® — 1)W3+3,
I's = —z" T2 (2 + ux? + $2a? — $323 4+ 243 + wlzt —ula® + sx + 22zt + r?u’z? + $2t2x® —

5
r2ule” — s2u?28 — s3ula” — s2ula® + rtx? + r2sz? + r3ta® + rtuz? + s2uzt — su?a® — 253ux® —

r2s2ux® — r2su28 + drsta® + 3rtuz? — rs?tat + 4r?suzt — 2rtuz® + ritua’® + 2st?ua’ +
rs’tux® + 2rstulzs” — 1)W2,,,

Iy =—g"t! (rzm—l—umz +s2z? -3 4223 ulat —t1a b — e + se+r2 P et riulat + 522t —
r2ulz” — s?u?2® — Sula” — s2ula® + 202" — 2u32® 4 rta? +r2sx? +r3tad —rtda® — st?z* +
riuzt + sPuxt — su?2® — 253ux® — tPux® — r2s%ux® — r?su?a® — r2%ua® + st?ua® + drsta® +
Srtuzt — rs?ta? + 4r?sux* — drtu’z® + r3tuc® — rtdus” + 4st®ux® 4+ rs®tua’ + drstuz’ — 1)
W3+la

I's = 2m”+5(rs + r’te + tuz? +7“t2x2 —+ ru’z® + r3uz? —ruds® —tulx? + stx +7"5ua:2 —rsulz?t +
r2tux3)Wn+4Wn+3,

g = 22715 (rt— 2wzt +r2uz + st?x? — s2ux? + 2uz® — sulz® + sux +rtu’zt + rstux3)Wn+4
Wn+25

7 = 2uz™ P (r — ruz® + sta® + tuz® — tu’z® + rsua® W, aWhy,

I's = —2gnth (—st —rt’x + s’tx —ru’z? + rulz? + tu?z® — tux — rsu’x?t + r?tulst + stuz? +
rst?x?® + rsulx® — r?tux® + rt?us® — rsus® — stulz? — rsux + ristuc® )W 3Woe,

4 4
To = —2ux™?(—s + s’z — r?uz?® + s2uz® + su’z? — Puzr® — rtx + rste® + r?suz® — rtu’z?)

Wn+3 Wn+1,
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I'o = —2ux"+5(—t + 323 + tuz? + rt’z? + rula® — ruz + stx — stux® — rsulz? + rltuz® +
rt?uz? — stulz®) WoraWii1,

I = 23 (ua? + 22° + vz — w28 + sz + rte? + rPuz® — suz® + rtuz? — )W,

Tp = 22 (r2x +uz? + 223 + vz — P20 4 sx 4+ 2Pt 4 r2uPa® — r?ulaT 4 orta? 4 s +
r2ta® + rfuat — su2® — r2sua’ + 2rsta® + 3rtux® + 2r2suz? — 2rtu?a® + rPuc® — 1)W22,
I3 = z(er + ux? + s2z? — s%28 + 223 + w?z* — ulx® + sx + r22zt + r2u?g® + 22z —
r2ule” — s2u?x8 — s3ula” — s2ula® + rtx? + r2sz? + r3ta? + rtuz? + s2uzt — su?a® — 253ua® —
r2s2ux® — r2suxS + drsta® + 3rtuz? — rs?tat + 4r?suzt — 2rtux® + rtua’® + 2st?ua’ +
rs’tuz® + 2rstu?z” — )W,

I'y = (r2x tux?+ 5222 — 2 + 26223 +ulrt — 2 2% — w32 + sx + 22t +r2ula® + s22 2% —
r2ule” — 20228 — Pula” — sPula® + 20 — 2l +rta? + r2sa? + 3t —rtPa® — st?at +
rluzt + sPuxt — sua® — 253ux® — t2ua® — r?2s%ua® — r2su?a® — r2%ux® + st?u?a® + drsta® +
Srtuxt — rs?tzt 4+ drisux® — drtux® + r3tur® — rtPuz” + 4st?ux® 4 rs*tua’ + drstu®z” — 1)
W027

I'is = —2z* (rs +r2tx +tux2 +rt2m2 + ru’z® +7‘3ux2 —rudx® —tulz? +stx +rsum2 —rsu’z?t +
r2tum3)W3W2,

I'e = —2x4(rt — 22zt + r2uz + st?x? — s*uz? + t2uz® — sulx® + sux + rtu’z? + rstu:c3)
W3Wi,

I'7 = 21:4(—st —rt?z + s%tx — rula? + rudz? + tulz® — tuz — rs?ulst + r2tulzt + stuz? +
rst?z? + rsu’z® — r2tuz? + rt?uz® — rsulx® — stu’x* — rsux + rzstux3)W2W1,

Iig = —2ux? (r— ruz? + stz? + tuz® — tu?2® + rsum3)W3WO,

I'g = 2um4(—s + s2x —r?ux? + s2ux® + su2z4 — 752u:r4 —rtx —|—rst1:2 —|—r2$ux3 — Ttust)W2W07
'y = 2ux4(—t—|—t31’3 +tuz® +rt*a® +rue® — ruz + ste — stux® —rsu’act +ritug +rttuzt —
stu2x5)W1 Wo,

and

01 = 2" (r — rua?® + stax? + tur® — tu?z® + rsur®) Wi,

Oy = e (r32 + st + rt’x =+ ru’z? — rulxt — s’ + tux — r2tu2at + r2stx + rs?uz? +
risuz?® + rltuc? — rt?uz® + rsux)Wf+3,

Q3 = g"t° (rt2 +tu+ rulz + st?z? — ralz® — tula? — r?tua® — sPtulat + rtux — rt?ua® +
rsulzt — s?tuz? + stulz® + Tst2ua:3)W3+2,

04 = W™ (r — rua® + ste? + tux® — tua® + rsuzd) Wi,

O = —m"*g(r%v + uz? + 22?2 + 22° + 2zt — 328 — r2ux® + SPuxt — Pux® + 2rstx® +
2rtuz? 4+ 2r?suz* — 2rtuz® — )W, aWiys,

O = T (t — 323 + r’tr — s*tz? + r3uz? —rude® —tulx? +ruxr+ 2rsur? —rs?uz® — rt?uzt +
2stu2x5)Wn+4Wn+2,

07 = uz" T (r?x — ua® — s2x? — 12

23 —wlzt +ul2® — r?uz® — sPuzt + Pu® + DWhtaWiga,
Og = —:):”+2(7‘2x =+ ux? + s2z? — 323 + 23 =+ w?z? — ulzf + sx — r2udz” + rtz? — suz® =+
r2sx? +r3ta® — rt3® — st?xt + rtuxt + sPua? — sux® — SPua® — Pua® + sula” — r?s%ua’ —
r2t2ux® + 2rstx® + 2rtuz?® — rs?tat + 3r2suz* — 3rtula’ + st?ux® + 2rstuls” — ) WhisWho,
Og = ux™ (t — 353 +2rs+ r’te + stx? + r3uz? —ruls® — tulz? —+ rux + 2stuz® + rs?uz® —
rt2us) Wy s Wi,

O10 = —2" T (r?x +ua® + s%2? — s%2® + 26%0% 4 wPat — 128 — PS4 sz 4+ r2%2t + s%%a —
r2ule” — 3wl — t2ula” +rta? + r?sa? +rite® — rtda® — st?rt + rtuxt + sPuxt — 2su?2® —
253ux® — t2ua® 4+ sutz® — r2s?ua® —r?su?a® — r2t2ua’ + st?ua® + drsta® + 3rtuat —rs®tat +
Ar?sux® — 3rtu’x® + rituz® — rtdux” + 2st?ux® — rtud2® +rs?tux® + 2rstu’z” — DWhtoWig1,
011 = —2*(r — ruz? + stx? + tux® — tu®z® + rsux®) W3,

O = —x4(r52 + st + rt’z + ru’z? — rulxt — tu?2® + tux — r?tuzt + rlstx + rs’uz? +
risux?® + r’tuz? — rt?ux® + rSuT) W22,
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O3 = x4(—rt2 —tu —ruls — stz? + rulz® + tu?z? + r2tu’a’ + s*tulzt — r’tux + rt’uzr? —
rsulz* + s*tux? — stus® — rst?‘uxS)Wl?‘,

O14 = —u?z (r — rua® + sta® + tur® — tu’x® + rsuz®)WE,

O15 = a:Q(r2x + ux? + s2x? + 223 + w?r* —ulr® —r?uzd + sPuz? — t2ux® + orstz® + 2rtuz? +
2r?suz* — 2rtu’x® — 1)WsWa,

O = f:r3(t7t33c3 +7‘2tﬂc —s%tx? +r3ux2 —rulz® —tu?2t +rux+2rsux2 —rs?ux® —rtPuz® +
2stu’x’ )W W,
O17 = x(er + ux2 + s2x2 — 83333 + t2m3 + u2x4 — u3m6 —+ sx — r2u3m7 4 rt:v2 — sux3 + r25x2 =+

r3ta® —rtdx® — st?xt +rtust + sPurt — sula® — SPua® — Pua® + sula” — r?sfux® — r?tPua’ +

2rstr® + 2rtuz® — rs?ta® + 3r?suxt — 3rtuz® + stPux® + 2rstula” — 1)WaWy,

018 = uz®(—r?z + ur? + s22? + 223 + u?z? — u2® + rius® + s2ux® — tPuz® — 1)WsWo,
O19 —ux4(t — 323 + 2rs +r2tx + 2t + r3uz® — rulz® — tu?xt + ruz + 2stux’® + rsPux® —
rtQum4)W2Wo,

O = (7‘217 -+ ux? =+ s2x? — 323 -+ 2223 + wizt — 2% — 32 —+sx+ r2t2zt + $2t2x% — 2l —
sSu?e” — 20" +rta® 4+ r?sa? 4 ritad — rPae® — st?at + rtuat + sfuzt — 2su?e® — 253’ —
t2uz® + suta® —r?s?ux® — r?sus® — r?t?uxt + st?u?a® + drsted 4 3rtuzt — rs®tat +4risuzt —
3rtuz® + ritur® — riduz” + 2st?ux® — rtua® + rs?tux® + 2rstu’s” — 1)W1 W,

and

O, = 2"t (s — 2z 4 1?2 — sPux® — su’z? + tPuat + rtx + rtux®) W2,

Oy = "3 (s — 2z + 222 4+ r2ulst — r2se + rtda?t — SPus® — suat + tPuxt — r?sPux? —
r2sula® + r2t?ua® + rtux® — rs?ta® + rtula® + rituct — 2rstux4)W3+3,

Oy = 2" (st2 +r2? — s%ula? — s2ulat e+ sulx 4 CPus + r2uie — 2t — sula® +rtu+
r*t2ux® + st*uat + r3tux 4+ rtu’e? — rs®tux® + 27‘515'1133)W5+27

Oy = u?2" (s — s%x + r? — sPux® — sulxt + tPuat +rte + rtux?’)W,fH,

o5 = "3 (7‘ — iy — 32 + tx + rs?z? — r2tz? — rt?z® + s%tx® — rulz?t — tu?2® + 2stuz? +
ors?uz? + 2rsu?z® — 2r2tuz* — 2rt2um5)Wn+4Wn+3,

bg = —x"*z(rzx + 8222 — 322 + 22° + 20”2t — ura® + sz + rPulx® — 2ula® + 2l +
suz® +r2sz? — stz — su?2® — sPux® — sulx” + 2rstx® + drtuz® + r?suxt + st?ux® — 1)Wn+4
Wn+2v

Or = ux™ T4 (r+r3x — 3z +tx —rs’z? +r2t9c2 —rt?g? +s2t9c3 —rulxt
Wn+4Wn+17

bg = x”+3(t — 323 + r3ulz? — r’tx + s2tx? + rulz® — 3tz + st3xt — tulz? — ruts” —
ste —rs?ula® + rt2ua® + rsux® + 2stua® + rlsta? + 2rs?ua® + 2rsu?at + r3sua® — rsduat +
2r?tuz® — 2rtuz® — rsulx® — 28%tux® + stu’a® + rstqu5)Wn+3Wn+2,

Oy = —z" T (r?r 4 s%2? — $%2® + 26703 + 202t — 128 — w'a® + sz + 2%t 4 riu®a® 4
2205 — 2" — s2uab + rta? + sua® + r2sz? 4+ r3ta® + r2ua® — rtta® — st?at 4+ rtuct —
sulx® — sPux® — suds” — r2s?ux® — r?t?ua® + drste® + Srtuat — rstat + 3r2suat — rtu?a® 4+
rituz® — rtdua” + 3st?uz® — rtudz® + ré?tua® + 2rstuas” — DWhysWhgta,

D9 = uz™t® (2r2t +ru+2st + 2rt?s — 252tz + riux — rulx® + tux® — tul 2’ + tux — rsPux® +
r?tuz? + rt?ux® — sPtux® + 2rsux)Whyo W1,

—tu?a® +2rsx+ 2stuzt)

H = —x3(s — 2z + 7% — SPux® — sulrt + tPuat + rtx + rtum?’)WgQ,

Do = — 2 (s — %z + 24223 + r2u?z* — r?sx + rt3zt — s2ux® — su?z? + Puzt — r?s?uzt —
r2su?z® + r22us® + rtua® — rs*ta® + rtua® + rituxt — 2rstuaz4)W22,

b3 = —x4(5t2 + r2t? — $2u%x? — s2ulxt + rt3z + su’x + t2uz + r?ulzx — s*t?x — su*z® +
rtu + r2t?uz? + st?uz? + rtuc + rtu’e® — rs’tuc® + 2rstux)W12,

&y = —ulzt(s — sz + 1?2 — sPux® — sulxt + Puxt + rtx 4+ rtux®) W3,

b5 = a:2(—1" + 73z + 32t — tx — rs?x? + rltx? + ritx® — s%ta® + rulxt + tu?2® — 2stuzst —
2rs2uzt — 2rsux® + 2r3tuxt + 2rt2u:r5)W3 Wa,
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D16 = 1:(1“230 + 5222 — 323 + 1222 + 20?2t — uta® + sz + r2u?a® — 2?2l + 20l + suxd +
r2sz? — st?zt — sulx® — sPux® — sulz” + 2rsta’ + drtuzt + rPsuz* + st?ux® — 1)WsWh,
D17 = 7m2(t — 323 + r3ulzt — r’tx + stx? + rulz® — stad + stz — tulxt — ruts” —
stx — rs?u?a® + rt2u?a8 + rsua® + 2stux® + r¥sta? + 2rs?ux® + 2rsulat + risua® — rsduat +
2r2tux® — 2rtPuz® — rsudx® — 25%tua* + stu?x® 4 rstPus®) W,

di1g = fux3(r+r3x7t3x4+ta:fr52x2+r2t:c2frt2x3+s2tm3fru2x4ftu2m5+2rsm+2$tu:v4)
W3Wao,
P9 = (7"21: + s22% — %2% 4+ 26223 + 202t — 228 — wta® + s+ 222t + r%uPa® 4 222 —

r2ule” — $2ulx8 + rta? + sux® + r?sa? + r3ta® + r2ua® — rt32® — st?at 4+ rtuzt — suz® —

sPua® — sulz” —r?sPux® — r2t2uaxl + drsta® + srtuxt — rs?tat + 3r2suzt — rtw?aS + ritua’® —
2 2 2

rttux’ + 3st?ux® — rtula® + rs?tux’® + 2rstu’z’ — 1)WaWo,

$yg = fux4(2r2t +ru+ 25t + 2rt?x — 25tz + r3ux — rulzt + tPuzt — tulx® + tux — rsPux® +
r2tuz? + rt’uzr® — s2tuzr® + 2rsux) W1 Wo,
and

Uy = x”+4(t — 353 + 2rs + rd —rs’z + r’te — tuz? — rt’z? + s2tx? — rulz® + rux — stx —
rsux® + 2315112:3)W,3+47
U, = a:”+3(t — 3% 4 rs + ¥t — rs?r — rise — r?te — tua? + rs®e? — rt?a? 4 s%ta? 4
5 5 5 §
rudz® — ruts” — stx + rs?u’z® + r?tula® 4 ri?ula® + 2stur® — r?sta? — rst?a® 4 rsfua® +
rsulzt + rsPuzt + rituz® — rt?us® — rsuda® — 2r?stuat — rstzux5)W,f+3,
Uy = 1:"+2(t — 323 + r3ulzt — rPte — tuz® — rt?x? — s%tx? + St + rudz® — ruta’ — stx —
5 5
rs2u?z® + r?tule® + ri?ula® + s2tula® + stua® — r?sta? — 2rst?a® + 2rsulzt + r?tua® —
rtfuxt — rsula® — sPtux? + s3tua® — stPua® + studz” — ristua’t — 7"875211555)W3_‘_27
Uy = w225t — 323 + 2rs + 13 — rs’x + rPtx — tuz® — rt’z? + s%ta® — ru2® + rur — sto —
reux? + 2stux®) W2, q,
Vs = m"+3(s — ity — s%2% —wPa® — P2’ ute” 4w+ ris?a? + e — s%ulad —
2228 — r?sx — sux® — r3ta® — r2ux? + rtdzt + st?2d — sPuad — sulz?t — sPuat + tPuat +
w3zl + rtx + 2rstz® — rs?ta® + rlsuz® — rtu’z® + stzux5)Wn+4Wn+3,
Pe = "2 (r —r3z + stx? + tux® — rs?z? — risx? + rsdz3 + rt’z® — rulzt — Stx? + st3x® +
Buz® —tudz” —rsz4+2stuz® —ristad +rst®zt +2rsPuzrt 4 3rsus® —ritur® — 35 tux® — stu’z®)
Wn+4Wn+2,
U, = —m"“(r%v +uz? + s22% — P03 26703 Fulat — a8 —ulal + s+ rPtPat 4 s% e —
Pula” + rtx® — sux® + risx® + r¥ta® — rPua® — rt*e® — st?xt 4 SPurt — sulr® — sPux® —
t2uz® + sula” + drsta® + 2rtuz* — rs?tat + r2suz* — 3rtu?2® + 3st?ux’® — DWhypaWiga,
Ug = z"? (s — %z — 322 + str® —ulx® — b + utz” + uxr — r2s2x? =+ riulzt — 222t +
s2ulab — 2ude” — t?ulab — r?sx — 2sux? — r3ta® — r?ux? + ridat + st?2® + Cuzt 4+ 25032 +
stuz® — suta® + rtx — r?s2uzt — r?su’z® — s?t%ux’ + st?u?s” — 2rstx? — rtux® — rs*ta® —
rtu’z® + rituz? — rtduz® + rtv’s” — rsftuz® + sztUQIG)Wn+3Wn+27
Uy = yz" 3 (7“ —r3x+43str?® +tur® +3rs?ax? +r3sx? —rsdxd +rt*x® — 25%tx® —rulxt + s3txt —
st?a® 4+ Pux® — tudz” — rsx + 2rsua® +rista® — rst?at +rsula® — rituc® 4+ s*tua® — stu2x6)
Wn+3Wn+17
Wi = ux”+2(—r2m —ux? —s?2% + 3% — et — t* a0 4 ulal — sz it £ 5% PP —
rtz? + sux® —r2sz? + rita® + rluz® —rt3z® — st?z* — sPux? + su’z® + sSuz® — tPua® — sulz” —
rs?tet — r2suzt 4+ rtua® + st?ux® — 2rstua® + Whpo Wi,
Uy = —23(t — 323 4+ 2rs + 73 — rs’z + rita — tux® — rt?2® + s%*ta® — ru’z® + ruz — stz —
rsuz? 4 2stux® )W,
Wiy = $2(—t + 323 — rs — rulz? + rs’z + r3sz + r’te + tux? — rs3x? + rt’z? — s%tx? —
rudz® + ruts” + ste — rs?ula® — r2tu?a® — riua® — 2stua® + r2sta® + rst®a® — rs?ua® —
rsu?e? — rsPuat — rituc® + rtPua® + rsudz® + 2r?stuat + rstQum5)W22,
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Ui = —z(t — 323 + 3zt — r?te — tux? — rt®s? — s%te? + 3t 4+ rude® — ruts” — str —

rs2u?z® + ritula® + rifu’a® + s2tula® + stua® — r?sta® — 2rst®a® + 2rsu’zt + r?tua® —
rtur? — reulz’ — stuz? + s*tur® — stPux® + studzr” — r?stuxt — Tst2um5)W12,

Wiy = —u2w4(t — 323 +2rs+ r3 —rs’z + r’te — tuz? — rt’z? + s%tx? — rulz® + rux — stx —
reux? 4 2stux®)W§,

Uiy = xz(—s + riz + s3z? + u?x?® + wdr® —utx” —ux — r? — r2s%2% — 2258 + s2u?z’ +
20228 + r2sz + sux? + r3ta? + r2ux? — Pzt — st?2® + sPux® 4 sulat + sPuxt — Cuzt —
sulz® — rtx — 2rsta? + rs?tz® — rlsux’® + rtulz® — 8t2ux5)W3Wg,

Ui = x(—r+r3m—5tw2 —tuz® —i—rszxz +r35:c2 —rsrd —rt?a? +ru2m4 +53ta:4 —st3x® —t3uxb +
tuds” 4 rsx — 2stuz® + rsta® — rst’xt — 2rsfuz® — 3rsulx® + rltuzt + 3s%tua® + stu’z)
W3Wh,

Uy = —x(s — %z — §32? + sizd — ulx® — ula® + utz” + uxr — r?s?x? + r2u?zt — 22zt =+
s2ulab — 2ude” — t?ulab — r?sx — 2sux? — ri3ta® — r?ux? + ridat + st?2® + uzt 4+ 25032 +
stuz® — suta® + rtx — r?s2uz* — r?sus® — s*t2uxb + st?u?s” — 2rstx? — rtux® — rs?ta® —
rtu?z® + r3tuz® — rtdua® + rtu’z” — rsftux® + 2T8tu2$6)W2W17

Uig = (r2m —+ ux? + s2x? — 323 + 223 + wlrt —t2xb — 32 +sx+ r2t2xt + s2t2x° —t2u%2” +
rix? — sux® +r2sz® +r3tad —rPux® —rtda® — st?zt + sPuat — su?a® — sSua® —t2ua’® + sulz" +
drstz® + 2rtuzt — rs®ta* + r2sua® — 3rtu?2® + 3st?ux® — 1)WsWo,

Ui = —uxQ(r — 3z 4 3stx? +tuz® +3rs?a? +risx? —rsda +rt?2® — 2% ta® —rulat + s3tat —
st?x® + 3uxS — tude” — rsz 4 2rsux® +r2sta® — rst®c? + rsula’ — r?tuzt 4+ sPtus® — stu2x6)
WaWo,

Yoo = UIE(TZZE + uz? + $2x? — 328 =+ w?z?t —+ 128 — w3l + sx — r222* — $2t%2° — 20" +
rte? — sux® +r2sx? —r3ta® — r2ux® +rt3a® + st?rt + sPuat — su?2® — SBua® +2ua’® + suls" +
rs?tzt + r?suzt — rtu?z® — st?uz® + 2rstuz® — 1)W1 Wo.

Proof. First, we obtain > _, 2*W2. Using the recurrence relation

Whta = 7Weys + sWypo + tWipr +uW,

or
uWyn = Whya —rWiys — sWyyo — tWipa
i.e.
Wy = Wi+ Wi+ 8 Wiio +2Wiy — 2rWoaWags — 25WipaWiio
72th+4Wn+1 + 2T’SWn+3Wn+2 -+ QTth+3Wn+1 + ZSthJrQWnJrl
we obtain
u?z™ W,QL = " W5+4 + r2a™ Wﬁ+3 + szac"WTQLJr2 + t2o™ WﬁJrl —2rz” WpiaWpi3 — 2390"Wn+4Wn+2

—2tann+4Wn+1 + 2rsznwn+3Wn,+2 + 2rtz"Wn+3Wn+1 + QSt:Ean+2 Whnt1

u2zn71Wi_1 = z"’71W§+3+r2zn71W7€+2+s2zn71Wi+1 +t21n71WZ 72’7‘(17”71Wn+3wn+2 7251n71Wn+3Wn+1
—2ta" T W, s Wi, 4 2rsa” T W, o Wi gq + 2rta T W, o Wy 4 2sta” T W, W

uzac"72W§72 = :c"72W72L+2 + 7’235"72W§+1 + szx"72Wi + t2x"72W§71 — 27“30"72Wn+2Wn+1 — 2390"72Wn+2Wn

—2ta" AW,y oW1 + 2rsa” T 2 W, 1 Wiy + 2rta™ 2 W W1 + 2stz™ 2 W, W,

u2:02W22 = z2W62 + 7‘212W52 + 5212Wf + t212W32 — 27‘CL‘2W6W5 — 2512W6W4

—2ta? WeWs + 2rsz’ W Wy + 2rtz’ Ws W3 + 2stz>WaWs

71.2:1_‘1W12 = 11W52 + 7‘221W42 + 5211W32 + t211W22 - 27‘:01W5W4 — 2521W5W3
—2ta W5 Wa + 2rszt Wy W3 + 2rta Wy Wa + 25tz WaWo

7J.210W02 = :L‘OWE + T‘2:1)0W32 + 52:60W22 + 12:170W12 — 2rz” WyWs3 — 2310W4W2

—2tzO Wy Wy + 2rsz® WaWa + 2rtz® Wy Wy + 2st2® Wo Wy
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If we add the equations side by side, we get

u? Z FWE = (o4t 2+ ) Z WP —2ta™! Z Wi s Wi (2)
k=0 k=0 k=0
+2(—s + rtx)z? Z Wi oWy, + 2(—r + sta® + rsx)z ™ Z Wi Wy,
k=0 k=0
+2" Wi+ (o + Da" Wi + (FPr 4 5% + )" 2w,
+(rPx 4 8% + 22 + D)a"PWE — 2re" WapaWais — 252" Wi paWi o
—2tx" Wiy aWip1 + 2r(sz — 1)x"71Wn+3Wn+2 +2(—s+ rtx)x"71Wn+3Wn+1
+2(—r + st + rs:c)x"_QWnHWnH — x_1W3,2 — (r2x + 1)x_2W22
—(Px + P2 + D) P WE — PPz + %2 + 122 + D *We
+2rz” " WaWs + 252~ ' WaWi — 2r(sz — 1)a™ *WaW, + 2ta™ " W3 Wo
—2(—s+ rtx)x_QWQWo —2(—r+ stx® + rsw)m_3W1Wo.

Next we obtain >_;_, * Wiy 1 Wi. Multiplying the both side of the recurrence relation
uWy = Whpia — rWigs — sWhipo — tWihia
by Wn+1 we get
UWn i 1 Wi = WopaWai1 — rWagaWigt — sWii oWyt — tWi

Then using last recurrence relation, we obtain

wr"WosiWn = 2" WoiaWig1 — 12" Wi aWis1 — s Wiy oW1 — tz" Wiy
ur" T W Wor = 2" WagsWa — 72" Whgo W, — sz Wy W, — ™ "Wy
W Wi Wh_o = 2" 2 WpgaWno1 — 12" 2 Wig1 Wn_1 — sz™ W Wn_1 — ta" 2W2_,
wWsWo = 2*WeWs — ra? WsWs — s> WyWs — ta® W3
wr'WoWy = z'WsWa — ra' WaWs — sz WaWa — to' W2
ux0W1 Wy = $0W4W1 — T:EOW3W1 - S:EOWQW1 — t:EOWf

If we add the equations side by side, we get
U Z mka+1Wk = (onn+4Wn+1 — $71W3W0 + 1‘71 Z Ika+3Wk) (3)
k=0 k=0

—T(onn+3Wn+1 — .'E_IWQWU + .’E_l Z:Cka+2Wk)
k=0

—s(&" Wnio Wit — 2 " WilWo + 271> 2" Wi Wh)
k=0

7t($nW3+1 - $71W02 + m71 ZkaE)

k=0
Next we obtain > }_, Wi 2 Wi. Multiplying the both side of the recurrence relation

uWn = Wiia — rWiys — sWihpo — tWiyp
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by Whta we get
UWn2Wen = WaiaWnio — tWaiasWaia — sWiis — tWnoWa g

Then using last recurrence relation, we obtain

2
uonn+2 Wn = onn+4Wn+2 — Tonn+3Wn+2 — Sl‘an+2 — tonn+2Wn+1
—1 -1 —1 —1 2 —1
ul‘n Wn+1Wn_1 = IEn Wn+3Wn+1 — TZCn Wn+2Wn+1 — SZCTL Wn+1 — tZCn Wn+1Wn
o —2 —2 —2r1,2 —2
ur" " WoWhn_o = 2" “WypiaWy, —ra" " WpaW,, — sz” "W, — tz" "W, Wp_1
2 2 2 2 2 2
uxr W4W2 = X W6W4 —TrT W5W4 — ST W4 —tx W4W3
wr' WaWyh = ' WsWs — ra' WaWs — sz W3 — ta' WsWa
0 0 0 0 2 0
uxr WoWy = xWyWo —rx WsWsy — sz W5 — ta WoWh
If we add the equations side by side, we get
n n
wy Wy oaWs, = (@"WapaWigo + 2" T Wi aWagt — o'WWy — 2 2WoWp 4 2 > Wy o W) (4)
k=0 k=0

n
— — — — k
—r(&" Wi aWata + 2" " WigaWai1 —a "WoWi —a 2WiWo + 272 Y 2" Wi Wy)
k=0

n
7s(ac"W72L+2 +x"71W72L+1 - x71W12 — x72Wg + z 2 Z ackW,f)
k=0

n
1 1 k
—t(@" WhyoWni1 —a TWiWo + 371 D> 2" Wi Wy)
k=0

Next we obtain >_,_, Wi 3Wi. Multiplying the both side of the recurrence relation
uWy, = Wpia —rWygs — sWhio — tWiia
by Wh+3 we get
UWntsWy = WisaWiiys — 1Wiis — sWissWiga — tWips Wi

Then using last recurrence relation, we obtain

2
U " WytsWn = 2"WypiaWays — 12" Wiys — s WyypsWhgo — ta" Wit s Wi
-1 —1 —1y1,2 —1 —1
uz" T WhptoWno1 = 2" WpgsWago — 12" Wye — sz WypaWhgr — ta" ™ Whgpo W,
n—2 n—2 n—2 2 n—22 n—2
ux Wn+1Wn_2 = X Wn+2Wn+1 —rr WnJrl — ST Wn+1Wn —tx Wn+1Wn_1
2 2 211,2 2 2
uxr WsWa = x"WeWs —ra” W35 — s WsWy — ta"WsWs
1 1 15,2 1 1
ur WaW, = o WsWy —ra Wi — s WyWs3 — ta WaWs
2
ur’WsWo = a"WaWs — ra® W3 — sz’ WaWs — ta" W W,y
If we add the equations side by side, we get
n
ud Wi sWe = (@ WhgaWags + 2" T W sWago + 2" T i We o Wi g (5)
k=0

n
—a T W W2 — & W Wy — 2 PWiWo + 20 S 2P Wi W)
k=0

n
7T(1W'W12L+3 + zn'71Wﬁ+2 + zn'72WZ+1 — 171W22 — 172W12 — z73W02 + z 3 Z szf)
k=0

n
—1 —1 -2 -2 k
—s(z" Wy 3sWhgo + 2" WypyoWpy —x WoWi —z” “WiWo + o § =" W1 Wy)
k=0

n
—1 —1 k
(& WiysWpi1 — 2 "WoWo + 271 > 2" Wi oWy,
k=0
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Solving the system (2)-(3)-(4)-(5), the results in (a), (b), (c) and (d) follow.

4 Specific Cases

In this section, for the specific cases of x, we present the closed form solutions (identities) of the
sums >, =P WE, o 2" W1 Wi, > ho " Wi oWy and > oho Wi sWy for the specific case
of sequence {W,}.

4.1 The case z =1

In this subsection we consider the special case x = 1.
The case z = 1 of Theorem 3.1 is given in [29].

We only consider the case x = 1,7 = 1,s = 1,¢ = 1,u = 2 (which is not considered in [29]). Observe
that setting = 1,7 = 1,s = 1,t = 1,u = 2 (i.e. for the generalized fourth order Jacobsthal
case) in Theorem 3.1 (a),(b),(c) and (d) makes the right hand side of the sum formulas to be an
indeterminate form. Application of L’Hospital rule (using twice) however provides the evaluation
of the sum formulas.

Taking r =1,s = 1,t = 1,u = 2 in Theorem 3.1, we obtain the following theorem.

Theorem 4.1. Ifr=1,s=1,t =1,u = 2 then for n > 0 we have the following formulas:

(@) Sp o Wi = 155 (14(n+8)W, s+ (38n+279) Wy 5 +2(25n + 164) Wy o +4(1dn+ 81) Wy —
(38n+293)Wn+4Wn+3—(26n+199)Wn+4Wn+2—2(10n+79)Wn+4Wn+1—(2n—13)Wn+3Wn+2+
2(2n4-2T) W3 W1 +4(4n+37) Wy o W1 —98WE —241W35 —278WT —268W§ +255W3 Wa+
173Wa Wy + 138WsWo — 15Wa Wy — 50WaWo — 132W, Wo)

(b) Sr o WisiWi = zs(—(10n + 69)W,i 4 — 40(n + )W, 5 — (10n + 51)W, 1, — 4(10n +
79)W3+1 + 10(4n =+ 29)Wn+4Wn+3 — 20(7’L + G)Wn+4Wn+2 + 8(5n + 43)Wn+4Wn+1 + 2(20n +
109) W3 Wi to — 4(20n + 149) Wi 3 Wiyt + 4(10n + 23) Wy oW1 + 59W3 + 240W3 +
41W3 4 276W§ — 250W3Wa 4+ 100Ws W, — 304WsWo — 178Wa Wy + 516Wa Wy — 52W1 W)

(€) Yp_o WitaWi = 155 (—202n+11)W L4+ (2n+13)W,7 3 —4(10n+T3) Wy o —8(2n+13) W, —
(2n+9) Wit aWht3+(46n+325) W4 a Wit 2 —2(10n+63) Wi a Wi g1 — (38n4-279) Wiy s Wi g2+
2(38n4-229) W, 3 Wi 1 —4(14n+99) W, 1 o Wiy 1 +18W3 — 11W35 +252WF +88WE +TW3 Wo —
279Ws W1 + 106WsWy + 241Wo Wy — 382Wo Wy + 340W1W0)

(d) Yh_oWitsWi = 555(—(10n + 4T)W2 4 — 8(5n + 42)W; 5 — (10n + 101)W,2, 5 — 4(10n +
5TYW2 11 +2(20n+173) Wit a Wiz — 4(5n+37) Wit aWii 2 +8(5n4+23) Wt a Wiyt +2(20n+
101) W 3Wi g2 —4(20n+141) Wy 3 W1 4+20(2n4-11) Wy 2 Wi o1 +37TWE 4296 W3 +-91WE +
188W02 — 306W3Ws + 128W3W1 — 144W3Wy — 162Wo W1 + 484Wo Wy — 180W1W0)

Proof.

(a) We use Theorem 3.1 (a). If we set r =1,s =1,t = 1,u = 2 in Theorem 3.1 (a) then we have

ko2 g1(x)
,;x Wi = (4z — 1) (z —1)* (x+1)° 2z + 1) (4a2 + 1)(22 + 1)

where

gi(z) = —z" (=825 —4a® 4+ 62 + 323 + 322 + & — 1)W2 4 — 2" 3 (=827 — 2025 +22° 4 172* +
4z + 42 + 20 — 1)W2 5+ 2" 2 (82°% + 427 +182° 4 32° — 222 — 52® — b — 22+ 1)W2,, —
" T (=82 — 4% 4 627 — 252° — 62° + 252" + 62° + ba® + 22 — D)W2,, + 22" (85 —
8zt + 62° + T2% + 22 + 1)WogaWaas + 2275 (=82° + 42® — 22 + 4o + D)Wy oWipa +
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45 (—da® +4a® — 2® V)W aWigr + 22" 5 (82° — 4o —122° + 322 +4x + 1) Wy o Wiy 3 +
45 (4o — 20t —daP 4 2® + 1) Wiy s Wi +42" 0 (4a® 4+ 22 — 52° — 322 + 24+ 1) Wi o Wi +
23 (—82°% — 4z® 4+ 62 + 32 + 327 + 2 — V)W3 + 2?(—82" — 202° + 22° + 172" + 42® + 42 +
22 — 1)W3 — z(82% + 42" +182° 4+ 32° — 222" — 5% — 522 — 22+ 1) Wi + (—82° —42® + 627 —
2528 — 62° + 2521 4 62° + 522 + 20 — 1) WG — 22 (—82° — 82t + 62 + T + 22+ 1) WaWa — 22*
(82° — 4z — 122% 4 322 + da + V)WoW; — 22*(—82° + 42 — 22 + 4o + V)WaW,; — 4a*
(—4a® +42® — 2% + D)W Wo — 4da* (42° — 22" — 42> + 22 + D)WWy — 4a* (42® + 22* — 5% —
322 4+ + )W, Wo

For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use L’Hospital rule (twice). Then we get (a) using

n 2
ZWE _ #(gl(m))
= Lr((Az—1) (-1 (@ +1)° 2z + 1) (422 + )22+ 1)) | _,
(b) We use Theorem 3.1 (b). If weset r =1,s =1,¢ = 1,u = 2 in Theorem 3.1 (b) then we have
Zkak+1Wk _ . 9;(37)
P dr—1)(z—D"(z+1)"(2x+1) (422 +1)(z2 + 1)

where

go(x) = o™ (—4a® + 42® — 2% + W2, + 2" (—122* — 62% + 102® + 62 4+ 2)W2, 5 +
" TP (4at — 62 — Ta? + 6z + 3)Wia o + 4" TP (—da® + 4a® — 2% + W2, — 2" 3 (—162° —
22° + 1da* + 23 + 327 + 2 — V)WogaWiys + 2" (—62* — 32° 4+ 522 + 32 + 1) WogpaWiyo +
22" T4 (820 4 22° — 62 — 32® — 32% + & + V) WhyaWhy1 — 2" T2(827 — 2025 — 112° + 162 +
23 4+ 527 + 20 — DWipaWhao + 22" % (=825 — 62* 4+ 52 + 322 + 32 + 3) Whra W1 — 2™
(162° — 42® — 102”7 — 212 — 142 + 212* 4 62° + 52 + 22 — D)Wiga Wi — 2°(—42° +
43 — 2% + )W§ — 2*(—122* — 623 + 102® + 62 + 2)W5 — z*(da® — 62° — 72 + 62 +
3IWE — 4zt (—4a® + 42® — 22 + D)WE + 22(—162° — 22° + 14 + 2® + 3% + 2 — 1) W3 W —
23 (—62* — 32° + 527 + 3z + V)WaWi — 223(82° + 22° — 62 — 3% — 322 + 2 + V)W W, +
x(82" —202° — 112° 4 162* 4 2® + 522 4 22 — 1)Wa Wi — 22* (—82° — 62 4 5% + 32% + 3 +
3WaWo + (162° — 42® — 1027 — 2125 — 142° + 212* + 62° + 522 4+ 22 — )WL W

For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use L’Hospital rule (twice). Then we get (b) using

iWkHWk = %(92(@)
k=0 L ((4r—1) (z = 1)* (z +1)% (20 + 1) (422 + 1)(22 + 1))

r=1

(c) We use Theorem 3.1 (c). If we set r =1,s =1,t = 1,u = 2 in Theorem 3.1 (c) then we have

Lk _ 95()
kzzo‘” W = S P et )2 (20 1) (422 + D@2 1 1)

where

g3(x) = —z" T (20t —2) W2, 4+ T3 (225 2t -2+ 1) W2, s —a2" 5 (162° +4a* — 162 —4) W2 o —
45 (22 — W2, — 2" 3zt — D) WipsWipa + 2" T2(162°% + 427 + 225 4 225 — 172* —
4% — 227 — 22 + V) WosaWipo — 22" (42® + 2* — 42 — D)WopaWigr + 2" T3 (=1627 —
425 + 22° — 24 +162% + 42% — 22 + 1WhisWhia + x"+1(24a:8 + 1027 + 32% + 22° — 252 —
102% — 322 — 20 4+ 1)W1 3Wit1 — 22" (82° + 62 — 82 — 6) W2 Wit + 2% (22t — 2)W§ —
22 (22° —2* =22+ 1)W3 +2*(162° +42* — 162 —4) WP +4x*(22* —2)WE + 2 (2* — 1) WaWo —
x(16w8 +d4x” + 228 +22° — 172 — 423 — 222 — 22+ 1)WsWi + 2x3(4x5 +at—dx— 1HWsWy —
22 (162" — 42°® +22° — 2* + 162° + 42 — 22 + 1)Wo Wy — (242° + 1027 + 32° + 22° — 252" —
102® — 322 — 22 4+ 1)WaWp 4 22 (82° + 627 — 8z — 6)W, W)
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For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use L’Hospital rule (twice). Then we get (c) using

iWk+2Wk = %(93(:”))
k=0 %((43: —1)(z— 1)2 (z+ 1)2 (22 + 1) (422 + 1)(22 + 1)) i

=1

(d) We use Theorem 3.1 (d). If weset r =1,s =1,£ = 1,u = 2 in Theorem 3.1 (d) then we have

= K _ ga(z)
kzzox Vs W = ) e 1P @t 1) ot ) (A2 + )@ + 1)

where

ga(z) = 2" (—2® —da® o+ 4) W2 —a" T3 (1627 +425 —142° —42* —62° +-22° 442 —2) W2 5+
"2 (82" — 225 4+ 82° + 62t + 2% — 52% — 20+ VD)W2 5 +42™ 5 (2 —da® 2 + W2, +
" T3 (1627 +4a® — 142 — 32* — 32 —32% 4 2+ 2) Wi aWigs + 2™ 2 (—827 — 22 4+ 725 422 +
3% — 2% =20+ 1) Wi aWogo —2" T (42" —152° —82° + 112 + 223 +52% + 20 — 1) Wi a W1 +
2" T2 (—162% + 2027 + 202° — 162° 4 62* — 52° — 112% + & + )W,y 3sWhpo + 22" T3 (=827 —
225 4+ 525 — 62 + 523 + 722 — 20+ D)W sWha1 — 22" 2 (427 — 132% + 92* — 623 + 527 + 22 —
DWigoWair — 22 (=2 — 42 + 2 + 4)W3F + 2% (1627 + 42°® — 142® — 4a* — 62° + 227 4 4o —
2)W3 — 2(—8z" — 225 + 82° + 62" + 22° — 527 — 2z + 1)W? — da* (—2® — 42 + z + HWE —
x2(16a:7 4475 — 1425 —32* — 322 - 322+ + 2)WsWy — x(—8w7 — 228+ Ta® +22* + 322 — 2% —
22+ 1)WaWi + (427 — 1525 — 82° +112* +22° + 522 4+ 22 — 1) W Wo — z(— 1625 42027 +202° —
162° 462" — 523 —112% + 2+ 1) W W1 — 222 (—82" — 225 4-52° — 60 +- 52 + 722 — 22+ 1) W Wo +
22 (42" — 1325 + 92* — 62 + 527 + 20 — D)WLy

For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use L’Hospital rule (twice). Then we get (d) using

Zn:WkJrSWk = %(gdw))
part L ((Az—1) (- 1) (@ +1)° 22+ 1) (422 + 1)(22 + 1)) |

=1

From the last theorem, we have the following corollary which gives sum formulas of fourth order
Jacobsthal numbers (take W,, = J,, with Jo =0,J1 = 1,J2 =1,J3 = 1).

Corollary 4.2. For n > 0, fourth order Jacobsthal numbers have the following properties:

(@) Yr oJdi = 155(14(n 4+ 8)J7 s + (38n + 279)J7 5 + 2(25n + 164)J7 1o + 4(14n + 81)J7 1 —
(38n -+ 293)Jn+4jn+3 — (267’L —+ 199) Jn+4Jn+2 — 2(101’L + 79)Jn+4Jn+1 — (27L — 13)Jn+3 Jn+2 —+
2(2n =+ 27)Jn+3Jn+1 + 4(4n + 37)Jn+2Jn+1 — 204).

(b) > o Jet1Jk = 5e5(—(10n +69)J7 4 — 40(n + 7)J7 15 — (10n + 51)J5 40 — 4(10n + 79)J7 1 +
10(4n —+ 29)Jn+4Jn+3 — 20(71 —+ G)Jn+4Jn+2 —+ 8(571 —+ 43)Jn+4Jn+1 + 2(20n —+ 109)Jn+3 Jn+2 —
4(207’L + 149)Jn+3.]n+1 + 4(107’L =+ 23)Jn+2Jn+1 + 12).

(€) o Jes2dk = 125 (—2@2n +11)J2 s + (2n+13)J7 5 — 4(10n + 73)J5 10 — 8(2n + 13)J; 1y —
(2n —+ 9)Jn+4Jn+3 —+ (467’L —+ 325)Jn+4Jn+2 — 2(10n + 63)Jn+4jn+1 — (38n =+ 279)Jn+3Jn+2 +
2(387’L + 229)Jn+3Jn+1 — 4(147’L =+ 99)Jn+2Jn+1 + 228).

(d) S o Jet3di = 5u5(—(10n+47)J7 4 —8(5n+42)J5 5 — (10n+101)J2 45 — 4(10n+57) Jnyy +
2(20n+ 173)Jn+4Jn+3 — 4(5n+ 37)Jn+4Jn+2 + 8(5n + 23)Jn+4Jn+1 —+ 2(2071 + 101)Jn+3Jn+2 —
4(207’L + 141)Jn+3Jn+1 + 20(27’L -+ 11)Jn+2Jn+1 + 84)

Taking W,, = jn with jo = 2,71 = 1,52 = 5,53 = 10 in the last theorem, we have the following
corollary which presents sum formulas of fourth order Jacobsthal-Lucas numbers.

Corollary 4.3. Forn > 0, fourth order Jacobsthal-Lucas numbers have the following properties:
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(@) Yp_oii = 1o5(14(n+8)jnra+ (38n+279)j7 45 +2(25n+164) 7 » +4(14n+81)jn 1 — (38n+
293)jn+adnts — (260 + 199)jntajn+2 — 2(100 + 79)jn+ajnt1 — (20 — 13)jntalinte + 2(2n +
27) jn+3dn+1 + 4(4n + 37) jns2fns1 — 774).

(b) Yor_girt1ie = 565(—(10n + 69)j7 4 — 40(n + 7)jn s — (100 + 51)j7 15 — 4(10n + 79)j7 41 +
10(4n + 29)jn+4jnt3 — 20(n + 6)jn+ajnt2 + 8(5n + 43)jntajnt1 + 2(20n + 109)jn+3jn42 —
4(20n 4 149) jrn+3Jn+1 + 4(107 4 23) jrt2in+1 — 369).

(€) Yoh_odrt2ie = 155(—2@2n + 11)j7 s + (2n + 13)j7 45 — 4(10n + 73)j7 12 — 8(2n + 13)ji 11 —
(2n + 9)jntafn+s + (46n + 325)jntajntz — 2(10n + 63)jn+ajnt1 — (380 + 279)jn+3int2 +
2(3871 + 229)jn+3jn+1 — 4(1477, + 99)jn+2jn+1 — 126)

(d) 327_gdr+3ic = 550 (— (100 +47)j7 14 — 8(5n +42)j7 45 — (10 +101) 7 12 — 4(10n + 57)j7 1 +
2(20n + 173)jn+4jn+3 — 4(571 + 37)jn+4jn+2 =+ 8(5n + 23)jn+4jn+1 =+ 2(2071 + 101)jn+3jn+2 —
4(20m + 141)jng3ns1 + 2020 4 11)jny2jni1 — 1287).

From the last theorem, we have the following corollary which gives sum formulas of modified fourth
order Jacobsthal numbers (take W, = K,, with Ko = 3,K; =1, K> = 3, K3 = 10).

Corollary 4.4. Forn > 0, modified fourth order Jacobsthal numbers have the following properties:

(@) Yr o Ki=125(14(n+8)K2 14+ (38n+279) K7 5+ 2(25n + 164) K7 o + 4(14n+ 81) K, 41 —
(38n+293)Kn+4Kn+37(261’L+199)Kn+4Kn+2*2(1OTL+79)Kn+4Kn+17(27L713)Kn+3Kn+2+
2(2n =+ 27)Kn+3Kn+1 =+ 4(47’L + 37)Kn+2Kn+1 — 2030).

(b) > o Kit1Kk = 555 (—(10n+69) K7 4 —40(n+7) K7 15— (10n+51) K} o —4(10n+79) K 1 +
10(4n—|—29)Kn+4Kn+3—2O(n+6)Kn+4Kn+2+8(5n—|—43)Kn+4Kn+1 +2(20n+109)Kn+3Kn+2—
4(207’L + 149)Kn+3Kn+1 + 4(10n -+ 23)Kn+2Kn+1 — 1081)

(€) Sio KitoKr = 15 (—2@2n+11)K} 4+ (2n+13) K2 5 —4(10n+T3) K} o —8(2n+13)Kp 1 —
(2n+9)Kn+4Kn+3+(46n+325)Kn+4Kn+2—2(10n+63)Kn+4Kn+1—(38n+279)Kn+3Kn+2+
2(38n 4 229) K13 Kn1 — 4(14n + 99) K12 K1 + 1650).

(d) Yh_oKitsKe = 505(—(10n + 47)K2 4 — 8(5n + 42)K7 5 — (10n + 101) K5 — 4(10n +
5TVK2Z 1 +2(20n+173)KpyaKnts — 4(5n+37) Knya Kpt2 +8(5n 4+ 23) Kpya Kpt1 +2(20n +
101)Kn+3Kn+2 — 4(20n + 141)Kn+3Kn+1 + 20(2n =+ 11)Kn+2Kn+1 — 743).

4.2 The case r = —1

In this subsection we consider the special case x = —1.

In this section, we present the closed form solutions (identities) of the sums > p_ (—1)"WZ,
S o (D)W a Wi, Sop (= 1) Wi 2 Wi and > (—1) Wiy sWi for the specific case of the
sequence {Wp}.

Taking r = s =t =wu =1 in Theorem 3.1, we obtain the following proposition.

Proposition 4.1. Ifr =s=t=wu =1 then for n > 0 we have the following formulas:

(@) Sp o~ = (—1)" (—W2io + Wit + WagaWaso — WagsWigo — WissWap1) — Wi +
W5 + WsWi1 — WaWi — WalWg.

(b) ZZ:o(_l)ka-H Wy = %((—Un (W2 4+ Wiio +WniaWais — WipaWii1 — 2WnisWiio +
3WniaWai1) — W3 + Wi + WaWa — WsWo — 2Wa Wi + 3W1Wo).

(c) ZZ:O(_I)ka"'QWk = %((‘Un (Wiris = Waia+Wiio = W2 — WagaWays — WagaWigo —
WitaWiit + Wiy sWago + WagsWigr — WagpoWagr) + W3 — W3 + WP — W5 — WsWa —
W3W1 - WJWO + W2W1 + W2W0 — W1W0).
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(d) ZZ:O(_l)kaJrSWk = %((‘Dn (W7%+4 - W5+3 - Wr%+2 - Wr%+1 - Wn+4Wn+3 + Wn+4Wn+2 +
Wt aWnt1 — WinaaWaio — 3WaiaWai1 — 3WahioWopt) + Wi — W3 — WP — WG — WaWa +
WsWi + WsWy — WaW1 — 3WaWy — 3W1W0).

From the above proposition, we have the following corollary which gives sum formulas of Tetranacci
numbers (take W,, = M, with My =0,M; =1, M2 =1, M3 = 2).

Corollary 4.5. Forn > 0, Tetranacci numbers have the following properties:

(a) 22:0(—1)kM;3 =(=1)"(=M2 o+ M2 1 + MpsaMpyo — Mypi3Mugs — MugsMpg).

(b) S (1) M1 My = (=D (=M 34+ M o+ MpyaMpys — MpyaMpi1 —2Mpy3Mpyo +
3Mn+2Mn+1)-

(€) Sr_o(—1)*Muyo My = S((=1)" (M7 14— M2 y3+ M2 o — M2y — MyyaMpys — MpaMnyo —
Mn+4Mn+l + Mn+3Mn+2 + Mn+3Mn+1 - Mn+2Mn+1) + 1)

(d) ZZ:O(*l)kMkHMk = %((*Un (M72L+4 - M3+3 - Mg+2 - MSH — MpyaMpyz3+ MppaMpyo+
Mn+4Mn+l - Mn+3Mn+2 - 3Mn+3Mn+1 - 3Mn+2M'n+1) + 1)

Taking W,, = R,, with Ry = 4,R1 = 1,R2 = 3,R3 = 7 in the above proposition, we have the

following corollary which presents sum formulas of Tetranacci-Lucas numbers.

Corollary 4.6. Forn > 0, Tetranacci-Lucas numbers have the following properties:

(a) Zz:o(*l)kRi =(-1" (*R?L+2 + R3L+1 + RntaRnt2 — Rut3Rny2 — Rug3Rny1) + 7.

(b) ZZ:O(—l)kRkJrle = %((—Un (—Rpis + Royo + RnyaRnys — RoyaRny1 — 2RnysRngo +
3Rnt+2Rnt1) —9).

(©) S o(~1) RegoRe = 3((—1)" (R24s — Rous + R2ya — R340 — RuyaRuss — RusaRuga —
Rn+4Rn+l + Rn+3Rn+2 + Rn+3Rn+l - Rn+2Rn+1) - 20)

(d) Yr_o(=D)"ReysRr = 5((—=1)" (Rais — Riys — Riyo — Riyy — RugaRnys + RuyaRogo +
Rn+4Rn+l - Rn+3Rn+2 - 3Rn+3Rn+1 - 3Rn+2Rn+1) - 14)

Taking r =2,s =1,t = 1,u = 1 in Theorem 3.1, we obtain the following proposition.

Proposition 4.2. Ifr =2,s=1,t =1,u =1 then for n > 0 we have the following formulas:

(@) S p_o(—DFWE = L((=1)" (W2 s+ TW 3 —16W, o+ 13Wp s —6Wo i a Wt s +8WopaWio+
QW aWii1 — 8WhiasWiyo — 10Wy s W1 — AW o Wig1) + Wi +7TW3 — 16WE + 13WF —
6W3Ws + 8W3W1 + 2W3sWy — 8Wo W1 — 10Wo Wy — 4W1W0).

(b) ZZ:O(_l)kaHWk = ﬁ((—l)n (W2 = TW 2 g 2W 2 oA W2 +6W  a W3 +6 W a Wiy 0 —
QWi aWhi1 — 20Wo3Woso — AWz Whgtr + 18WoioWip1) — Wi — TW3 + 2W7E + WE +
6W3Ws + 6W3W1 — 2W3Wo — 20We W1 — 4AWo Wy + 18W1 Wh).

(€) S o(—1)*WipaWi = H((—1)" BW, = TWr 3 +8Wp o —3W,3 1 — AW, 1 a Wi s — AWy s Wi o —
8Wn+4Wn+l + 4Wn+3Wn+2 + 12Wn+3Wn+l + 2Wn+2Wn+l) + 3W32 - 7W22 + 81/1/12 - ?)VV()2 -
AW3sWo — AW3sW1 — 8W3Wqy + AW W1 + 12Wo Wy + 2W1W0).

(d) ZZ:O(_l)kaJrSWk = %((_1)71 (Waiy — Wiig— W2 — 2WoiaWiis — 2WegaWigq — 2
Wn+2Wn+1) =+ W3,2 — W22 — WO2 — 2W3Wo — 2Wo Wy — 2W1W()).

From the last proposition, we have the following corollary which gives sum formulas of fourth-order
Pell numbers (take W,, = P, with Py =0,P1 =1, P, =2, P; =5).

Corollary 4.7. For n > 0, fourth-order Pell numbers have the following properties:

(@) Sp_o(-1FP = L((—1)" (P244+ TP243 — 16P2, 5 + 13P7 1 — 6Pui4Prys + 8PuyaPria +
2P’n-‘,—41:)n+l - 8Pn+3pn+2 - 10Pn+3pn+1 - 4Pn+2Pn+1) + 1)
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(b) S o(—1)*Pey1Pr = (1) (= Pria— TP 3+ 2P 15+ Pryy + 6P yaPoys+ 6P aPoys—
2P, 4Pry1 — 20P,43Py2 — 4Py13Pnq1 + 18P 2Ppq1) — 1).

(c) Zzzo(—l)kplwﬂpk = ﬁ((—l)n (3P2, 4 — TP 3+8P2 5 — 3P, —4P,14Pni3—4PnyaPrio —
8PntaPnt1 +4Pny3Prio + 12Pn43Psy1 + 2PyyoPpt1) + 3).

(d) ZZ): (1) PrysPp = (1) (Poya—Piis— P21 —2PnyaPry3—2Pn13Pni1—2Pni2Poy1)+
1).

Taking W,, = @Qn with Qo = 4,Q1 = 2,Q2 = 6,Q3 = 17 in the last proposition, we have the
following corollary which presents sum formulas of fourth-order Pell-Lucas numbers.

Corollary 4.8. Forn > 0, fourth-order Pell-Lucas numbers have the following properties:

(a) ZZ:O(—l)in = ﬁ((—l)n (Qria+T7Qh. 5 —16Q0 2+ 13Q% 11 — 6Qn+4Qnt3 +8Qn+4Qniz +
2Q’ﬂ+4Q’ﬂ+1 - 8Qn+3Qn+2 - 10Qn+3Qn+1 - 4Qn+2Qn+1) + 113)

(b) S o(—-1)*Qr+1Qr = L ((—1)" (—Q34a—TQ%13+2Q% 12+ Q7 4 1 +6Qn44Qn+3+6Qn+4Qn 42—
2Qn14Qni1 — 20Qn13Qn12 — 4Qn13Qni1 + 18Qn12Qn11) — 29).

(C) Z::o(*l)ka-%QQk = ﬁ((*l)n (3Qi+477Q%+3+8QgL+273Q3L+174Qn+4Qn+374Qn+4Qn+27
8Qn+4Qn+1 + 4Qn+3Qn+2 + 12Qn+3Qn+1 + 2Qn+2Qn+1) - 137)

(d) S o(—1)*Qr43Qk = 3((—1)" (Q4a—Qn 13— Q71 1—2Qn+4Qn+3—2Qn+3Qn+1—2Qn+2Qn+1)—
31).

From the last proposition, we have the following corollary which gives sum formulas of modified
fourth-order Pell numbers (take W, = E,, with Eo =0,E1 =1, FE; =1, E3 = 3).

Corollary 4.9. For n > 0, modified fourth-order Pell numbers have the following properties:

(@) Sr o(-DFE} = L((-1)" (B2 4+ 7B} 3 —16E2 5+ 13E2 | — 6Eni4Fnyis +8FniaBnio +
2En+4En+1 - 8E’n+3E’n+2 - 10En+3En+l - 4En+2En+1) - 2)

(b) S (-1 *Eri1Br = ()" (—E2,4—TE} 3+2E2 o+ B2 1 +6En44Fn3+6En1aEnia—
2E,+4Eni1 — 20En43En 2 — 4En13Eny1 + 18E12FEn11) + 2).

(€) S o(-1)*Er2Er = £ ((-1)" (3B 14—TE2 34+8E% s—3E} 1 —4En 4Fny3—4En4Epia—
8En+4Eni1 +4Eny3Eny2 + 12E, 13E 11 + 2En 1 20FEni1) + 8).

(d) Sr_o(-1)*ErysBr = 3((—1)" (B214—FE33—FE} 1 —2En14Fny3—2En 3Fn41—2En 0 Fny1)+
2).

Observe that setting z = —1,7 = 1,s = 1,t = 1,u = 2 (i.e. for the generalized fourth order
Jacobsthal case) in Theorem 3.1 (a),(b),(c) and (d) makes the right hand side of the sum formulas
to be an indeterminate form. Application of L’Hospital rule (using twice) however provides the
evaluation of the sum formulas.

Taking r =1,s = 1,t = 1,u = 2 in Theorem 3.1, we obtain the following theorem.
Theorem 4.10. Ifr =1,s=1,t = 1,u = 2 then for n > 0 we have the following formulas:

(@) Yp (=W = (=)™ ((4n + 41)Wi 1y — (6n + AT)W,iis + 3(8n + 59) W, o — 16(n +
5YW2iy — (2n + 31)WhyaWaas — (220 + 177) W aWiyz — 6(2n + 19) W aWii1 + (18n +
155)WhaWato +2(14n+109) W13 Wit +8(n+9)Wag o Wit ) +37TW3E —41W3 +153WE —
64W02 — 29W3Wso — 155W3sWy — 102W3Wo + 137TWo W, + 190Wo Wy + 64W1W0).

(b) Sr_o(—1)*Wia Wi = 555((—1)" (32n + 1T)Wp iy + 4(4n 4+ 31)Wis — T(2n + 15)Wi 5 —
12(27’L + 19)W3+1 — 4(7n + 55)Wn+4Wn+3 — 2(4n + 27)Wn+4Wn+2 + 4(87’L + 67)Wn+4Wn+1 +
52(n + )Wt sWaie — 8(n + 13) Wi 3Wai1 — 4(22n + 157) Wi o Wip1) + 45W3 + 108W35 —
W — 204W§ — 192WsWo — 46Ws Wy + 236W3Wo + 312WaWi — 96Wa Wy — 540W; Wo).
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(€) Yr o(—1)"WipaWi = 155 ((=1)" (—2(2n + 11)W,i 4 + (6n + 31)W,2 5 — 4(6n + AT)W; o +
8(2n =+ 13)W§+1 + (271 =+ Q)Wn+4Wn+3 + (227L + 185)Wn+4Wn+2 =+ 2(6TL + 41)Wn+4Wn+1 —
(181 + 157)Wop3sWhio — 14(2n 4+ 15)Wog 3 Wag 1 — 420+ 21)Way o Why1) — 18W3 4+ 25W5 —
164W12 + 88W02 — T6W1Wo — 182WoWy + T0W3sWy — 139Wo W1 + 163Ws W1 + 7W3W2).

(d) Xr (=D "WigsWi = g5 (=1)" (—=(6n + 25)Wi 4 — 4(4n + 4T)Wi 5 + (14n + I W7, +
4(671 + 31)W3+1 + 4(7n + 58)Wn+4Wn+3 + 2(47L + 43)Wn+4Wn+2 — 4(8n + 49)Wn+4Wn+1 —
4(13n+118) Wy 3Woto +8(n— 8) Wiy s Wi 1 +4(22n + 145 W o Wi t1) — 19WF — 172W35 +
9TWE + 100WE 4 204WsWa + T8 W3 W1 — 164WsWo — 420Wa Wy — 72WaWo + 492W1 Wo).

Proof.
(a) From the proof of Theorem 4.1 (a) we know that if r = 1,s = 1,t = 1,u = 2, then

- W2 = 91(x)
kzzo Wi = 4z —1)(z = 1)’ (z+1)° 2z +1) (4o2 + 1) (22 + 1)

For z = —1, the right hand side of the above sum formula is an indeterminate form. Now,
we can use L’Hospital rule (twice). Then we get (a) using

or £ (g1())
Wk — - 5 dx 5
,;O L ((dr — 1) (z — 1)* (z + 1)° 2z + 1) (422 + 1) (22 + 1))

dx?

r=—1

(b) From the proof of Theorem 4.1 (b) we know that if r =1,s = 1,¢ = 1,u = 2, then

Z ﬂska+1Wk _ . 9; (z) )
P (de—1D)(z—1)"(x+1)"(2x+ 1) (4x2 + 1)(z2 + 1)
For © = —1, the right hand side of the above sum formula is an indeterminate form. Now,

we can use L’Hospital rule (twice). Then we get (b) using

2 (ga(2))
L ((4z — 1) (z = 1)* (z + 1)* (2 + 1) (422 + 1) (22 + 1))

Z Wi a Wy =

k=0 rz=—1

(¢) From the proof of Theorem 4.1 (¢) we know that if r =1,s = 1,t = 1,u = 2, then

Z " WiaWi = 2 g;,(ac) 2 2 )
P dr—1)(z—1)"(z+1)" 2z +1) (422 + 1)(=2 + 1)
For z = —1, the right hand side of the above sum formula is an indeterminate form. Now,

we can use L’Hospital rule (twice). Then we get (c) using

n d2
- xr
Z WisoWe = - az2 (g3(z))

(e —1) (- 1D)* (@ +1)* 2z +1) (42 + 1) (a2 + 1)) |

k=0 dx? =—1

(d) From the proof of Theorem 4.1 (d) we know that if r =1,s =1,¢ =1,u = 2, then

Z kak+3Wk = 5 g;l (2) 3 5 .
= dr—1)(z—1)"(z+1)" 2z +1) (422 4+ 1)(2=2 + 1)
For x = —1, the right hand side of the above sum formula is an indeterminate form. Now,

we can use L’Hospital rule (twice). Then we get (d) using

& (ga(@))
%((‘LT - 1) (z— 1)2 (z+ 1)2 (2x 4 1) (422 + 1) (22 + 1)) )

Z WisWi =

k=0 —
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From the last theorem, we have the following corollary which gives sum formulas of fourth order
Jacobsthal numbers (take W,, = J,, with Jo=0,J1 = 1,J2 =1,J3 = 1).

Corollary 4.11. For n > 0, fourth order Jacobsthal numbers have the following properties:

(@) Sp_o(—DFJR = 2 ((—1)" (An+41)J2 14— (6n+47)J7 13+ 3(8n+59)J7 1o — 16(n+5)J5 1 —
(2n +31)Jntadnts — (22n + 177) Jntadny2 — 6(2n + 19) Jnqadnt1 + (18n + 155) Jnq3Jnyo +
2(14n + 109) Jnr3Jnt1 + 8(n + 9)Jny2dni1) + 102).

(b) S o(=D) k1 de = 52 ((=1)" (3(2n+17)J7 14 +4(4n+31)J7 5 — T(2n+15)J2 o — 12(2n +
19)J§+174(7n+55)Jn+4Jn+3f2(4n+27)Jn+4Jn+2+4(8n+67)Jn+4Jn+1+52(n+7)Jn+3Jn+27
S(n =+ 13)Jn+3Jn+1 — 4(22n + 157)Jn+2Jn+1) + 136).

(€) Yro(=1) ! Trpadi = 15 ((=1)" (=2(2n+ 11)J3 14 + (6n+ 31)Jp 5 — 4(6n +47)J2 o + 8(2n +
13)J2 1 1+ (2n49) Jntadnts+(22n+185) Jntadnt2+2(6n+41) Jnyans1 —(18n4+157) Jnts Jntpa—
14(27’L + 15)Jn+3Jn+1 — 4(217, -+ 21)Jn+2Jn+1) — 126).

(d) Yo (1) Thssdi = 55 ((=1)" (—(6n+25)J2 14 —4(An+47)J7 5+ (14n+111)J2 o +4(6n+
31)J2, 1 + 4(Tn + 58)Jntadnis + 2(4n + 43)Jniadniz — 4(8n 4 49)Jniadni1 — 4(13n +
118)Jn+3Jn+2 =+ 8(7’L — S)Jn+3Jn+1 —+ 4(221’L + 145)Jn+2Jn+1) — 232).

Taking W,, = jn with jo = 2,71 = 1,52 = 5,53 = 10 in the last theorem, we have the following
corollary which presents sum formulas of fourth order Jacobsthal-Lucas numbers.

Corollary 4.12. For n > 0, fourth order Jacobsthal-Lucas numbers have the following properties:

(@) Sp_o(=DFik = 5 (1) ((4n+41)j7 14 — (6n+47)ji 15+ 3(8n+59)j7 1o — 16(n +5)jn1 —
(277, + 31)jn+4jn+3 - (22n + 177)jn+4jn+2 - 6(277/ + 19)jn+4jn+l + (18n + 155)jn+3jn+2 +
2(14n + 109) jnt3fn+1 + 8(n + 9)jn+2jnt1) + 245).

(b) > io (1) jrr1de = 555 ((—1)" (3(2n + 17)j7 44 + 4(4n 4 31)jn 15 — T(2n + 15)j7 45 — 12(2n +
19)j7 41 —4(Tn+55) jntajnts—2(4n+27)jnt afnr2+4(8n467)jn ajnt1+52(n+7)jnt3jnt2 —
8(n + 13) jnsajnst — 4220 + 157) jusojnis) -+ 4T3).

(€) S o(=1) jrrair = 155 ((=1)" (=2(2n + 11)ji 14 + (6n + 31)j7 45 — 4(6n + 47)j7 5 + 8(2n +
13) 14 (2n+9)jn tafint 3+ (22n+185) jntajnr2+2(6n441)jn s ajn1— (18n+157) jni3jns2—
14(27‘1, + 15)jn+3jn+1 — 4(277, —|— 21)jn+2jn+1) — 274)

(d) Yho(=1) jeysje = 555 ((—1)" (—(6n+25)ji 14 — 4(4n +47)jo 5 + (14n + 111)57 5 + 4(6n +
31)ji 1 +4(Tn+58) ntadn+3+2(4n+43) jn 4 afint2—4(8n+49) jntajni1—4(13n+118) jn 4 3jnt 2+
8(n — 8)jn+3in+1 + 4(22n + 145) jn42jnt1) + 161).

From the last theorem, we have the following corollary which gives sum formulas of modified fourth
order Jacobsthal numbers (take W,, = K,, with Ko = 3, K1 = 1, K2 = 3, K3 = 10).

Corollary 4.13. Forn > 0, modified fourth order Jacobsthal numbers have the following properties:

(@) SF o(-DFER = 15((=1)" ((4n + 41) K74 — (6n 4+ 47)K2 5 + 3(8n + 59)K o — 16(n +
5)K72L+]_ — (27’L + 31)Kn+4Kn+3 — (227'L + 177)Kn+4Kn+2 — 6(2n + 19)Kn+4Kn+1 =+ (18n =+
155)Kn+3Kn+2 + 2(147’L + 109)Kn+3Kn+1 + 8(n + 9)Kn+2Kn+1) — 259).

(b) Y (-1 K1 Ky = 555((—1)" (3(2n + 17)K s + 4(4n + 31)K; 5 — 7(2n + 15)Kp 1 —
12(2n + 19)K2 1 — 4(Tn+ 55)KpyaKnss — 2(4n + 27) Ky a Ko + 4(8n + 67) Ky a K1 +
52(7’L -+ 7)Kn+3Kn+2 — 8(n -+ 13)Kn+3Kn+1 — 4(227’L + 157)Kn+2Kn+1) + 2857).

(€) Yr o1 KpoKi = 755((=1)" (=2(2n + 11)K; 4 + (6n + 31)K7 5 — 4(6n + 47)Kn o +
8(2n + 13)K721+1 —|— (2n —|— Q)Kn+4Kn+3 + (2277, + 185)Kn+4Kn+2 —|— 2(677, —|— 41)Kn+4Kn+1 —
(1871 -+ 157)Kn+3Kn+2 — 14(2TL =+ 15)Kn+3Kn+1 — 4(27’L -+ 21)Kn+2Kn+1) =+ 710)

127



Soykan; ARJOM, 16(10): 109-136, 2020; Article no.ARJOM.62560

(d) Yr (1) KigsKy = 5h5((—1)" (—(6n + 25)Kn 4 — 4(4n + A7) K73 + (14n + 111) K7 +
4(6n + 31)K.r2b+1 + 4(7n + 58)Kn+4Kn+3 + 2(4n + 43)Kn+4Kn+2 — 4(87’L + 49)Kn+4Kn+1 —
4(137’L + 118)Kn+3Kn+2 + 8(7L — 8)Kn+3Kn+1 -+ 4(2217, -+ 145)Kn+2Kn+1) — 903)

Taking r = 2,s = 3,t = 5 in Theorem 3.1, we obtain the following proposition.

Proposition 4.3. Ifr =2,s =3,t =5 then for n > 0 we have the following formulas:

(@) Y7 o(—DFWE = s ((—1)" (13W, 1y — 3TW2 5 + 364W, o + 641W,2 1 — 14WuWigs —
148Wp 4 a W42 —266Wp 1 aWp 11 +196Wn+3Wn+2+490Wn+3Wn+1+952Wn+2Wn+1)+13W32—
3TW3 + 364W3E + 641WE — 14WsWa — 148WsW1 — 266Ws Wy + 196WaW1 + 490WeWo +
952W1 Wo).

(b) S o (1) * Wi 1 Wi = 1= ((—1)" (LOW2 4+ TTW 5+ 106 W2 o —931W,2 | —86Wiga Wiy —
118Wh4aWhio +TOWp 4 aWi 41 +352Wh 4 s Wi 0 +28Wp 4 sWip1 — 542Wn+2Wn+1) + 19W32 +
TTW34+106WE —931WE —86W3Wa — 118 W3 W1 +70W3Wo+352Wo W1 +28Wo Wo —542W1 Wh).

(©) Sr o(—1)*WipaWi = 2o ((—1)" (Wiia + 19W,7 5 — 256W, o — 49W 1y — 12WpaWoys +
76Wn+4Wn+2 + 56Wn+4Wn+1 - 116Wn+3Wn+2 - 148Wn+3Wn+1 - 462Wn+2Wn+1) + W?,Z +
19W3 — 256W7 —49WE — 12WaWa + T6Ws W1 + 56 W Wy — 148Wo Wy — 116Wa Wy — 462W1 Wy
).

(d) S o (1) WiasWi = 1= ((=1)" (=5Wp 4 —379W 2 5 —140W, 5 +245W,2 1 +202Wp 4 s Wiy 3+
188Wh4aWhio+ AW,y aWip1 —1124Wp 1 s W40 —1106W, 4 s Wi 41 +322Wn+2Wn+1) —5W32 —
379W3 — 140W3E + 245WE + 202WaWo + 188Wa W, + AWs Wy — 1124Wo W, — 1106WoWo +
322W1 Wo).

From the last proposition, we have the following corollary which gives sum formulas of 4-primes
numbers (take W,, = G, with Go =0,G1 =0,G2 = 1,G3 = 2).

Corollary 4.14. For n > 0, 4-primes numbers have the following properties:

(@) i o(—1DFGE = 5 ((—1)" (13G? 1 4—37G}  3+364G2 5 +641G? 11 —14Gn14Gry3— 148G 4Gria—

1278

266Gn+4Gn+1 =+ 196Gn+3Gn+2 =+ 490Gn+3Gn+1 + 952Gn+2Gn+1) — 13).

(b) Yo (1) Grs1Gr = 195 ((—1)" (19G} 14 + T7G5 5 + 106G} o — 931G} | — 86G 4Gz —
118Gn+4Gn+2 + 70Gn+4Gn+1 =+ 352G’n+3Gn+2 =+ 28Gn+3Gn+1 — 542Gn+2Gn+1) — 19).

(d) Y o(—1) Gri2Gr = 2s(—1)" (Ghya + 19G7 5 — 256G3 5 — 49G3 11 — 12GniaGnys +
760n+4Gn+2 + 56Gn+4Gn+1 — 116Gn+3Gn+2 — 148Gn+3Gn+1 — 462Gn+2Gn+1) — 1).

(€) Ypo(—1)"Gry3Gr = 195 ((—1)" (=5Gh 14 —379G3 53— 140G} 2 +245G7 1 +202Gn44Grys+
188Gn+4Gn+2 =+ 4Gn+4Gn+1 — 1124Gn+3Gn+2 — 1106Gn+3Gn+1 + 322Gn+2Gn+1) + 5)

Taking W,, = H,, with Hy = 4, H; = 2, H, = 10, H3 = 41 in the last proposition, we have the
following corollary which presents sum formulas of Lucas 4-primes numbers.

Corollary 4.15. For n > 0, Lucas 4-primes numbers have the following properties:

(@) Yp_o(-DFHZ = = ((-1)" (13Hj 14 — 37TH; 5 + 364H; > + 641H,, — 14HpysaHnis —
148HyaHpvo — 266 Hpya Hyy1 + 196 Hp s Hpyo +490H 13 Hpy1 + 952Hn+2Hn+1) — 499).
(b) S o(-1)*Hpy1Hy = 155 ((—1)" (19H; 14+ T7TH; 5+ 106H, 5 —931H | —86HpaHnys —
118HyaHp+2 + T0H 44 Hp11 + 352H 4 3Hp42 + 28Hpy3Hiny1 — 542Hn+2Hn+1) — 4465).
(€) S o(-1)*HpyoHy = 2:((—1)" (Ha1s + 19H? 3 — 256H; 5 — 49H7 1 — 12HpqaHnys +
76Hn+4Hn+2 +4 56Hn+4Hn+1 — 116Hn+3Hn+2 — 148Hn+3Hn+1 — 462Hn+2Hn+1) +4 333).
(d) S o(—1)*HpssHy = 15 ((—1)" (=5Hp 4 —379H, 3 —140H; o +245H7 1 +202H 44 Hny3+
188H 1 aHpyo +4HnaHp 1 — 1124H 3 Hp o — 1106 Hpy 3 Hyy 1 4 322H 42 Hyy 1) — 8197).
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From the last proposition, we have the following corollary which gives sum formulas of modified
4-primes numbers (take W,, = E,, with Eo =0,F1 =0,E> =1,FE3 =1).

Corollary 4.16. For n > 0, modified 4-primes numbers have the following properties:
(@) Yp_o(—DFER = = ((-1)" (13E5 4 —3TE7 3+364E7 5 +641E7  —14Fn 44 By 3— 148 14 yo—
266F,+4FEn11 +196FE,+3FEn 42 +490F,+3Fn4+1 + 952En+2En+1) — 38).

(b) Y (1) ¥ Erp1Er = 155((—1)" (19E2 14 4+ TTE} 5 + 1067 5 — 931E7 | — 86FniaBnys —
118En+4Fnta + T0En+aEpi1 + 352E, 13Fn 2 + 28Fn13Fny1 — 542E, 0By i1) + 10).

(©) Yheo(—1) Ex2Ey = g5 ((—1)" (ER s+ 19E5  5—256 5 s —49E; 1 —12E, 1 4 Eny 3+ 76 EnyaEpiot
56En+4En+1 — 116En+3En+2 — 148En+3En+1 — 462En+2En+1) =+ 8)

(d) S o(—-1)*ErysEr = 95 ((—1)" (=5E5 4 —379E; .3 — 140E7 1, +245E7 1 +202En 4 Enys+
188En+4En+2 + 4En+4En+1 — 1124En+3En+2 — 1106En+3En+1 +4 322En+2En+1) — 182),

4.3 The case £ =1

In this subsection we consider the special case z = i. Taking r = s =t =« = 1 in Theorem 3.1, we
obtain the following proposition.

Proposition 4.4. If r=s=t=wu =1 then for n > 0 we have the following formulas:

(@) Sp_oifFWZ = sl (MW 2 W2 g+ (3 — 20) W2 5 — (5 + 51) W2 1 +(1 — 51) Wi aWiyga+(1 + 1) WnpsWo ot
(B4 1) WygaWig1 — (7 — 8) W3 Wigo — (3 — ) Wy s W1 — (3 — 31) Wy o Wy p1) — W3 —4WZ +(2 + 30) Wi+
(5 — 5i) WZ + (5 + 1) WaWa — (1 — i) Wa Wy — (1 — 3i) WaWo — (1 + 7i) WaWi — (1 + 3i) WaWq — (3 + 3¢) W1 Wo).

(b) Sh_oi* Wiy a Wi = 15257 (1 = 30) W24 —(6 + 4i) W2 5 —(2 — 4) W2 o+ (3 +4) W2, +(2 + 63) Wy y 4 Wy 43—
(8 = 51) Wy a Wy 2 +4iWpn 4 g Wi 1+(5 — 71) Wi 3Wi o +(1 — ) Wy 3 Wiy 1— (6 + 80) Wy o Wi 1)+(3 +3) Wi+

(4 — 6i) W3 —(4 4 2i) WE—(1 — 3i) WZ—(6 — 2¢) WaWa—(5 + 3i) Wy W1 —4W3Wo+(7 + 5i) Wa Wi +(1 + i) WaWo+
(8 — 6i) W1 Wp).

(€) TR oi*WiiaWi = 1oig; ("@W2 L, —(1+ ) W2, 5—(5—30) W2 5+2iW2, 1 —(1+ 1) Wy paWyys+(2 — 20) Wy s Wy o+
(1 +30) Wy aWiy1 — (6 — 40) Wy 3Wiyyo — (6 + 41) Wy 3Wip1 — (8 — 5i) Wy oWy g1) +2iW3 + (1 — i) W3 —
(34 5i) WZ—2WZ —(5 + 3i) W1 Wo+(4 — 6i) WaWo—(3 — i) WaWo—(4 + 6i) WaW1+(2 + 20) WaWq+(1 — i) WaWa).

() TP i*WiysWi = 1514, GMEW2 =B+ 3) W2 53— (5 — i) W2 5 +6iW2, | —(3+3i) Wiy a Wi y3—(4 — 20) Wy a Wi 10—
(5+ 1) WypaWpni1 — (8 — 48) Wy 3Wppo — (2 — 86) Wy 3Wiy1 + (1 + 78) Wi o Wi g1) + 6iW3 + (3 — 36) W5 —
(14 5i) WZ—6WZ+(3 — 3i) WaWa—(2 + 4i) WaWi+(1 — 5i) WaWo—(4 + 8i) Wa Wy —(8 + 2i) WaWo—(7 — i) W3 Wp).

From the above proposition, we have the following corollary which gives sum formulas of Tetranacci
numbers (take W,, = M, with My =0,M; =1, M2 =1, M3 = 2).

Corollary 4.17. For n > 0, Tetranacci numbers have the following properties:

(8) Sp_giFMZ = s (M (M2 |+ 4iM2 g+ (3 — 20) M2 5—(5 4 51) M2 1 +(1 — 5i) My aMypys+(1+ 1) MpypsMp ot
(B+i)MpyyaMpiq — (7T —4) Myy3Mpyo — (3 —14) MypygMyyq — (3 —3%) MyyoMpyq) +1).

() SR_g ¥ Mpy1 My = 15g; (1 — 30) M2 4 —(6 + 46) M2 5 —(2 — 4i) M2 {5+(3 4 4) M2 +(2 + 6i) My 4 My 13—
(3 =5i) MpyaMp o +4iMpaMy g1 +(5 —78) My y3Mpqo+ (1 — i) Myy3Mp 1 — (64 8i) My oMy y1)—3—1).

(©) TR0 MppoMy = ole; (VM2 —(1+d) M2 5—(5 — 3i) M2 | 5+2iM7 1 — (1 + i) My ya My 3+(2 — 26) Mp 4 My o+
(14 3i) MppaMpiq — (6 —4i) Mpp3Mp o — (6 +4i) MpgMy 1 — (3 —58) Mp oMy yq) — 24).

(d) SR My g My = 15l (" (6M7 44— (3 +30) M7 35— (5 — §) M o +6iMp 1 —(3 + 38) My 4 a My y3—(4 — 20) My g Myjo—
(5+1) MpyaMpi1 — (8 —4i) My 3Mp o — (2 —8i) My y3Mp i1 + (14 7i) Mp oMy yq) — 64).

Taking W,, = R,, with Ry = 4,R1 = 1, R2 = 3,R3 = 7 in the above proposition, we have the
following corollary which presents sum formulas of Tetranacci-Lucas numbers.

Corollary 4.18. For n > 0, Tetranacci-Lucas numbers have the following properties:

(2) Tp_gi"RE = 515 "(iRZ 4 +4iR2 3+ (3 —20) R2 y—(5+51) R2 1 +(1 — 5i) RpqaRnys+(1+9) BnyaRnyo+
(B+ 1) RpyaRnt1 — (7T —4) Rpqy3Rpy2 — (83— 1) Rpny3Rpp1 — (3 — 3i1) Rpy2aRyy1) + 40 — 34i).
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(b) SR_gi*Rrt1Ry = oo ((M((A =3 Ry, —(6+4) R 15— (2—4) Ry o+ B3+ ) R} + (24 60) RpyaRpnys —
(3—=5i)RpyaRnyo+4iRptaRp41+ (5 — 7)) RpygRyy2+ (1 — i) RpysRyp1 — (64 8i) RppoRp41) — 45+ 650).

() P oi*RpyaRe = 1oig; ("(2R2 4, —(1+ i) R2 35— (5 — 3i) R2 | ,+2iR% 1 —(1 4 i) Rnp4Rni3+(2 — 20) RpyaRpqot
(1+3i) RyyaRpy1 — (6 —49) Ryy3Rpq2 — (64+4i) Ryy3Ryyp1 — (3 —5i) RyjoRypy1) — 59 + 34).

(d) P oi*RpysRe = 1oig; ("(6RZ, ,—(3+3i) R2  3—(5 — i) R2 |, +6iR2 {1 —(3 + 3i) RpyaRpys—(4 — 20) RyjpaRygo—
(5+14) RpyaRpt1 — (8 —49) Ryy3Rpq2 — (2 —8i) Rpy3Rp41 + (1 + 7i) RyypoRpq1) — 129 — 134).

Corresponding sums of the other fourth order generalized Tetranacci numbers can be calculated
similarly.

5 Numerical Examples

In this section, for the specific cases of x and m, we present numerical computations of sums
S oW, SR A Wi Wi, SR 2 Wi e Wi and 3Op_ 2¥ Wi s Wi for the specific case of
sequence {W, }. We only consider Tetranacci and Tetranacci-Lucas cases. The other corresponding
numerical sums of the other fourth order generalized Tetranacci numbers can be calculated similarly.

5.1 The case z =1

In this subsection we consider the special case x =1 and n = 9.

Takingr=s=t=wu= 1,2 =1,n =9 in Theorem 3.1, we have the following corollary which gives
sum formulas of Tetranacci numbers (take W, = M,, with Mo =0, M1 =1,M> =1, M3 = 2).
Corollary 5.1. Tetranacci numbers have the following properties:

(a) Sh_, MZ =15952.

(b) 30_o M1 My, = 30734,

(€) 0_y Myjo My = 59242.

(d) 35_, MyrsMy = 114198.

Taking W,, = R, with Ro =4,R1 = 1,R2 =3,R3 =7 and x = 1,n = 9 in Theorem 3.1, we have
the following corollary which presents sum formulas of Tetranacci-Lucas numbers.

Corollary 5.2. Tetranacci-Lucas numbers have the following properties:
(a) S0_, R? = 184548.

(b) S29_o Ris1 Ry = 355740.

(¢) So_o RutaRy = 685842,

(d) 9 RessRi = 1322030.

5.2 The case z = —1

In this subsection we consider the special case x = —1 and n = 9.

Taking r =s =t =u = 1,2 = —1,n = 9 in Theorem 3.1, we have the following corollary which
gives sum formulas of Tetranacci numbers (take W,, = M,, with Mo =0, My =1, M> = 1, M3 = 2).

Corollary 5.3. Tetranacci numbers have the following properties:

(a) Sp_o(—1)FME = —9196.
(b) 39 (—1)* M1 My, = —17700.

130



Soykan; ARJOM, 16(10): 109-136, 2020; Article no.ARJOM.62560

(€) 30 (=1)* My oMy, = —34138.
(d) ZZ=O(*1)’“MIC+3M;€ = —65798.

Taking W,, = R, with Rp =4,R1 =1, R =3,R3 =7 and z = —1,n = 9 in Theorem 3.1, we have
the following corollary which presents sum formulas of Tetranacci-Lucas numbers.

Corollary 5.4. Tetranacci-Lucas numbers have the following properties:

(a) Zi:o
(b) Yiso
() Yheo
(d) i,

—1)FR? = —105884.

—1)*Rey1 Ry, = —204618.
—1)* Ry 2Ry = —394260.
—1)*Ryy 3Ry = —759984.

— T~ o~~~

5.3 The case £ =1

In this subsection we consider the special case x =7 and n = 9.

Takingr =s=t=u= 1,z =4,n =9 in Theorem 3.1, we have the following corollary which gives
sum formulas of Tetranacci numbers (take W,, = M,, with Mo =0, M1 =1, M> = 1, M3 = 2).

Corollary 5.5. Tetranacci numbers have the following properties:
(a) Y05_oi*ME = 2926 + 10884i.

(b) S20_4 i* Mis1 M, = 5643 + 20953i.

(€) i i® Mo My, = 10864 + 40394i.

(d) 9_oi* MyssMj, = 20944 + T7874i.

Taking W,, = R, with Rp =4,R1 = 1,R; =3,R3 =7 and z = i,n = 9 in Theorem 3.1, we have
the following corollary which presents sum formulas of Tetranacci-Lucas numbers.

Corollary 5.6. Tetranacci-Lucas numbers have the following properties:

(a) S0_,i"R? = 34112 4 125516i.

(b) 30_, " Riy1 Ry, = 65421 + 2421513,
(€) 35 _yi* ResoRy = 126219 + 467021i.
(d) 30, i* Riys Ry = 243433 + 900109i.

6 Conclusion

Recently, there have been so many studies of the sequences of numbers in the literature and the
sequences of numbers were widely used in many research areas, such as architecture, nature, art,
physics and engineering. In this work, sum identities were proved. The method used in this paper
can be used for the other linear recurrence sequences, too. We have written sum identities in terms
of the generalized tetranacci sequence, and then we have presented the formulas as special cases
the corresponding identity for the Tetranacci, Tetranacci-Lucas and some other fourth order linear
recurrance sequences. All the listed identities in the corollaries may be proved by induction, but
that method of proof gives no clue about their discovery. We give the proofs to indicate how these
identities, in general, were discovered.

Computations of the Frobenius norm, spectral norm, maximum column length norm and maximum
row length norm of circulant (r-circulant, geometric circulant, semicirculant) matrices with the
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generalized m-step Fibonacci sequences require the sum of the squares of the numbers of the
sequences.
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