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Abstract: In this paper, we introduce the notion of modified Suzuki-Edelstein-Geraghty proximal contraction
and prove the existence and uniqueness of best proximity point for such mappings. Our results extend and
unify many existing results in the literature. We draw corollaries and give illustrative example to demonstrate
the validity of our result.
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1. Introduction and Preliminaries

n 1922, Banach [1] introduced a remarkable principle, namely Banach contraction principle which
m asserts that every contraction self-mapping on a complete metric space has a unique fixed point. This
principle plays a leading role in the development of fixed point theory. Banach’s contraction principle has
been generalized and extended in different directions. On his work, Edelstein [2] introduced the notion
of contractive mapping and generalized Banach contraction principle. In 1973, Geraghty [3] generalized
Banach’s contraction principle by replacing the contraction constant by a function having certain specified
properties. In 2008, Suzuki [4] introduced a new type of mapping and presented a generalization of the Banach
contraction principle in which the completeness can also be characterized by the existence of a fixed point of
these mappings. All these generalizations are only applicable for self-mappings.

In recent years, best proximity point theory attracted the attention of several authors. The purpose of best
proximity point theory is to address a problem of finding the distance between two closed sets by using non
self-mappings from one set to the other. The problem is known as the proximity point problem. Best proximity
point theory analyzes the existence of an approximate solution that is optimal.

Let A and B be two non-empty subsets of a metric space (X,d) and T : A — B is a mapping,
then d(x, Tx) > d(A,B) for all x € A. In general, for non self-mapping T : A — B, the fixed point equation
Tx = x may not have a solution. In this case, it is focused on the possibility of finding an element x € A that
is an approximate solution such that the error d(x, Tx) is minimum, possibly d(x, Tx) = d(A, B).

A best proximity point becomes a fixed point if the underlying mapping is a self-mapping. Therefore,
it can be concluded that best proximity point theorems generalize fixed point theorems in a natural way. In
recent years, the existence and convergence of best proximity points is an interesting aspect of optimization
theory which attracted the attention of many authors [5-9].

We recall the following notations and definitions: Let (X,d) be a metric space and let A and B be
non-empty subsets of X.

Ag:={xe€ A:d(x,y) =d(A,B) for some y € B},
By:={y € B:d(x,y) =d(A,B) for some x € A}.

We denote by F the class of all functions B : [0,00) — [0, 1) satisfying the following condition:
B(ty) =1 = t, = 0.

We denote by @ the class of all functions ¢ : [0,00) — [0, 00) satisfying the following conditions:

1. ¢ is continuous,
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2. ¢ is non-decreasing, and
3. () =0 <= t=0.

Definition 1. [10] Let A and B be two non-empty subsets of a metric space (X,d) and a : A x A — [0,0) be
a function. We say that a non self-mapping T : A — B is a—proximal admissible if, for all x,y,u,v € A,

a(x,y) =
d(u T) d(A,B) = a(u,v) >1.
T

d(v, Ty) = d(A, B)

Definition 2. [11] Let A and B be two non-empty subsets of a metric space (X,d) and « : A x A — [0,00)
be a function. We say that a non self-mapping T : A — B is triangular a—proximal admissible if, for all
X,Y,2,X1, X2, U1, Up € A,

a(x1,x) >1

(Tl) d(ul, Txl) = (A,B) — (ul,ug) >1,
d(u2, TXZ) = d(A,B)
a(x,z) >1

(T2>{ DC(Z,]/) >1 = “(x/]/) >1

Definition 3. [12] Let A and B be two non-empty subsets of a metric space (X,d) and Ay # @, we say that the
pair (A, B) has weak P-property if and only if

d(x ry ) = d(A,B)
{ d(x;,yl) —d(A,B) d(x1,x2) < d(y1,y2),

forall x1,x, € Aand yy,y» € B.

Definition 4. [10] Let A and B be two non-empty subsets of a metric space (X,d) and a,77 : A X A — [0, 00)
be functions. We say that a non self-mapping T : A — B is a—proximal admissible with respect to 7 if, for all
X,Y,u,0,z,Ww € A,

a(x,y) = 1(x,y)
d(u,Tx) =d(A,B) = a(u,v)>1n(u,v).
d(v, Ty) = d(A, B)

Definition 5. [13] Let A and B be two non-empty subsets of a metric space (X,d) and T : A — B be a mapping.
We say that T has the R]-property if for any sequence {x,} C A,

{ nlg{}od(x"Jrerxn) =d(A, B) = x € Ap.

lim x, = x
n—oo

Remark 1. [13] Any continuous mapping T : A — B has the R]-property provided that A and B are non-empty
closed subsets of a metric space (X, d). If A and B are not closed subsets of X, then T may not have RJ-property.

Example 1. [13] Let X = R, A = (0,1) and B = (2,3). We defined : X x X — [0,00) and T : A — B by
d(x,y) =[x —y|and Tx =3 — x. Let {x,} = {1— 1} C A, then

hm x; =1 and hm d(an,Txn) = 11m d(l— % 2+ 1) 1=4d(A,B),

but1 ¢ Ag. Hence T does not satisfy the R]-property.
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In 2016, Hamzehnejadi and Lashkaripour [13] proved best proximity point results for non self-map
satisfying the RJ-property.

Definition 6. [13] Let A and B be two non-empty subsets of a metric space (X,d) and « : X x X — [0,00) be
a function. A mapping T : A — B is said to be a generalized &« — ¢ —Geraghty proximal contraction if there
exists B € F such that forall x,y,u,v € A,

{ o) aas) > M 0) < BOM Y 0)p(M(5y,1,0)),

where M(x,y,u,v) = max {d(x,y),d(x,u),d(y,v)} and ¢ € P.

Theorem 1. [13] Let (X, d) be a complete metric space, A and B be non-empty subsets of X, & : X x X — [0,00) be a
function and T : A — B be a mapping. If the following conditions are satisfied:

T is a generalized & — ¢—Geraghty proximal contraction type mapping,

T(Ao) C By and T is triangular a—proximal admissible,

T has the R]-property,

if {x,} is a sequence in A such that «(xy,x,11) > 1 for all n and x, — x € A as n — oo, then there exists a
subsequence {xy, } of {x,} such that a(xp,, x) > 1 for all k,

5. there exist xg,x1 € A such that d(x1, Txg) = d(A, B) and a(xo,x1) > 1,

L=

then there exists x* € Ag such that d(x*, Tx*) = d(A, B). Moreover, if x(x,y) > 1forall x,y € Pr(A), where Pr(A)
denotes the set of best proximity points of T, then x* is a unique best proximity point of T.

In this paper, we denote by @, the class of functions ¢ : [0,00) — [0, ) satisfying the following property:

p(t) < %t forall t > 0.

We denote by ¥ the set of non-decreasing functions ¢ : [0, c0) — [0, c0) such that

g
nlgl;lolp (t) =0 forall t>0.
Recently, Hussain et al., [14] proved the existence of best proximity point for modified Suzuki-Edelstein
a-proximal contraction.

Definition 7. [14] Suppose A and B are two non-empty subsets of a metric space (X, d). A non self-mapping
T : A — Bis said to be modified Suzuki-Edelstein Proximal contraction if

¢(d(x,Tx)) = 2d(A, B) < a(x,y)d(x,y) = a(x,y)d(Tx,Ty) < (d(x,y)),
forallx,y € A, where p € ®y, p € ¥Yanda: A x A = [0,00).

Theorem 2. [14] Suppose A and B are two non-empty closed subsets of a complete metric space (X,d) with Ay is
non-empty and let T : A — B with T(Ag) C By be continuous modified Suzuzi-Edelstein proximal admissible mapping
with respect ton(x,y) = 2 and the pair (A, B) satisfies the weak P-property. If, the elements xo and x1 with d(x1, Txg) =
d(A, B) satisfies a(xg, x1) > 2, then T has a unique best proximity point.

Lemma 1. [15] Suppose (X, d) is a metric space and {x,} be a sequence in X such that d(x,,x,41) — 04as n — oco.
If {x,} is not a Cauchy sequence, then there exist an € > 0 and sequences of positive integers {my} and {n;} with
my > ny > k such that d(xm,, Xn,) > €, d(Xp,—1,%n,) < € and

(i) ]{ILHC}O d(xmk_l,xnkH) =€ (i1) kILD; d(Xpy, Xn,) = €
(iii) lim d(xy,—1,%n,) = € (iv) im d(xp,, Xy 41) = €.

k—o0 k—roc0
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Motivated by the work of Suzuki, Edelstein and Geraghty, we introduce the notion of modified
Suzuki-Edelstein-Geraghty proximal contraction and prove the existence and uniqueness of best proximity
point for such mappings.

2. Main results

Definition 8. Let A and B be two non-empty subsets of metric space (X, d). Let T : A — B be non self-mapping
and w : A X A — [0,00) be a function. T is said to be a modified Suzuki-Edelstein-Geraghty proximal
contraction if there exist B € F and ¢ € ® such that forall x,y € 4,

@(d(x, Tx)) —2d(A, B) < a(x,y)d(x,y)
a(x,y)p(d(Tx, Ty)) < B(¢(M(x,y)))p(max{d(x,y), m(x,y) — d(A,B)}), 1)

where M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty)}, m(x,y) = max{d(x,Tx),d(y, Ty)} and ¢ € D,.

Theorem 3. Let (X, d) be a complete metric space and A and B be non-empty closed subsets of X with Ay is non-empty.
If T : A — B be a modified Suzuki-Edelstein-Geraghty proximal contraction mapping such that the following conditions
hold:

. T(Ao) C By and the pair (A, B) satisfies the weak P-property,

. T is triangular a-proximal admissible with respect to n(x,y) = 2,

. T is continuous,

. there exist xg,x1 € A such that d(x1, Txg) = d(A, B) and a(xg,x1) > 2,

BN W N =

then T has a unique best proximity point in Ay.
Proof. By assumption (iv), there exist xo, x; € A such that

d(x1, Txg) = d(A, B) and a(xg, x1) > 2 2

Since Tx( € B, by the definition of A, from (2), we have x1 € Ap. Since T(Ap) C By, we have Txy € By.
Hence by definition of By, there exists an element x, € A such that

d(xp, Tx1) = d(A, B). ©)]

Since T is a-proximal admissible with respect to 7 (x, y) = 2, we obtain a(x1, x2) > 2. On continuing this
process, we have
d(x,41, Txy) = d(A, B) and a(xy,, x,41) > 2, 4)

foralln € N.
Now,

1
e(d(xy—1,Txy—1)) < Ed(xn—lr Txp—1) < 2d(xp—1, Txy—1) < 2(d(xy-1,%n) +d(xn, Txp_1))
=2(d(xy_1,%n) +d(A,B)) = 2d(x,,_1,xn) + 2d(A, B). )]

From (5), we have
@(d(xy—1, Txy—1)) — 2d(A, B) < 2d(xy—1,%n) < (X1, Xn)d(Xn—1,%n).
By (1), it follows that

P(d(xn, xn11)) = P(d(Txp-1, Txn)) < (-1, %n)P(d(Txyn—1, Txn))
< B(@(M(xn-1,xn)))p(max{d (xy_1,xu), m(xn-1,%a) — d(A,B)}), (6)

where M(x,,_1,x,) = max{d(x,_1,xn),d(xy_1, Txp_1),d(xn, Txy)} = max{d(x,_1,xn),d(xy_1,%n), d(Xn, Xn11)},
and m(x,_1,x,) = max{d(x,_1, Tx;_1),d(xn, Txy)} = max{d(x,_1,xn),d(xn, Xy11)}
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Suppose xy, = x;,+1 for some ny € N. Assume that x;, 11 # x;,+2, then by (6), it follows that

DAy 1, Vg 12)) < BP(M (g, Xy 1)) p(max {m (g, ¥y 1) — d(A, B)})
p({max{m(xuy, Xy 1) — (A, B)})

= g(max{d(xny, ny 1), Ay 1, %0 12)} — d(A,B)})

P({d(xny 1, Xy 2) + d(A,B)} — d(A, B)

o

d(xn0+1/ x?’lg-‘rZ))/

A\

IN

a contradiction. Therefore x,, 11 = X;;,42, hence x; = X, 11 = X442, 50 from (4), it follows that d(xy,, Txy,) =
d(xpy4+1, Txny) = d(A,B), i.e., xy, is a best proximity point of T, which is the desired result. Therefore, we
assume that x,, # x, .1 for alln € NU {0}. From (6), we obtain

¢(d(xn, xn11)) = ¢(d(Txp—1, Txn))

(d(
(p(M

<B (xp—1,%n)))p(max{m(x,_1,x,) —d(A,B)})
< ¢p(max{d(x,_1,x,), max{m(x,_1,x,)} —d(A,B)})
= ¢p(max{d(x, 1, xn), max{d(x, 1, %n),d(xn, Xn41)} —d(A,B)})
< g(max{d(xy 1, %), max{d(ty 1, on) +d(A,B), d(xn, xas1) +d(A,B)} — d(4,B)})
= ¢(max{d(x,—1,xn),d(xn, Xn41)})- @)

If max{d(x,—1,xn),d(xXn, Xp1+1)} = d(xn, xy11), then  ¢(d(xy, xy11)) < ¢(d(xn, x441)), a contradiction.
Hence max{d(x,_1,xn),d(xn, xp11)} = d(x,_1,%4), so, by (7), we have ¢(d(xp, x,11)) < $(d(x-1,%n)). By
the non-decreasing property of ¢, it follows that d(x,, x,11) < d(x,_1,x,), forall n > 1. Hence we deduce that
{d(xn, xy+1)} is a decreasing sequence of non-negative real numbers. So, there exists r > 0 such that

Tim d (v, %) = 7. ®)
Suppose that r > 0. From (7), we have
¢(d(xn, Xn11))
0< —F—H< M(x,-1,x <1, 9
Qb(d(xn—l/xn) = :B((P( ( n—1 Vl))) ( )
where
M(xy-1,%n) = max{d(x,—1,%n),d(xy—1,%n), d(Xn, Xp11) } = (X1, %n). (10

On letting 71 — co in (9) and using (10), we obtain lim B(¢p(d(x,-1,xn))) = 1. Since p € F, it follows that
n—o00
nh_r}r;o ¢$(d(x,-1,x,)) = 0. By continuity of ¢, we get

$(Jim d(xs, %,11)) =0, a1
ie., ¢(r) =0,sothatr =0.ie.,
lgn d(xn, Xu11) = 0. (12)
n (o)

Now, we show that {x, } is a Cauchy sequence. Suppose {x, } is not a Cauchy sequence. Then there exists
an € > 0 for which we can find sequences of positive integers {my } and {n;} with m > n; > k such that

d(Xmy, Xn,) > € and d(xp, 1, %n,) < €. (13)

Since T is triangular a-proximal admissible with respect to 17(x,y) = 2, we can show that a(x;, x,,) > 2
foralln,m € Nwithn < m. If n = m + 1, we have

a(xXp, Xp) > 2. (14)



Eng. Appl. Sci. Lett. 2020, 3(4), 94-104 99

Suppose that a(xy, x,,) > 2 for all n,m € N with n < m. To show this we shall prove that a(x,, x;,4+1) > 2
with n < m. From (4), we have
& (X, Xpg1) > 2. (15)

Also since T is triangular a-proximal admissible with respect to 77(x,y) = 2, then from (14) and (15),
a(xp, Xpq1) > 2 forall n,m € N with n < m. Hence for any my, ny € N with ny < my, we get a(xy,, x4, ) > 2.
From (12) and (13), we can choose a positive integer k1 € N such that

d(xmk; xl’lk) S Zd(xmkl xnk)

2d (X, Xn,) +2d(A, B). (16)

1 1
o(d(xmy, Txp,)) < Ed(xmk/Txmk) = Ed(xmermkﬂ) <
< 2(d(xmy, Txxn, ) +d(Txn,_,, X))

From (16), we have that ¢(d(xy,, Txp,)) — 2d(A, B) < 2d(xm,, xn,) < &(Xmy, Xn, )A(Xmy, X, ). Therefore,

P(d(Xom, Tatm,)) — 24(A, B) < (X )d (X, X, )- 17)
By (1), we get
P (Xm0 Xng ) < (X, X )P(d (X ys Xy )
< B(P(M(xmy, X)) p(max{d (xmy, Xn, ), ax{1m (X, Xn, )} — (A, B)}), (18)
where

max{d (X, X, ), max {m(xp,, Xy, )} —d(A,B)}

= max{d(xm,, Xn, ), max{d(xm,, Txm,),d(xn,, Txn, )} —d(A,B)}

= max{d(xpu,, xn, ), max{d(xm, Xm,, ), d(Xn,, Xn,,,)} —d(A, B)}
), max{d(xu,, Xm,,,) +d(A,B),d(xn, xu,,,) +d(A, B)} —d(A,B)}
)

(
< max{d(xm,, Xn,
= max{d (X, Xn, ), d(Xmy, Xy, ) A(Xng, Xn, ) }-

Hence by applying Lemma 1
klg{)lo max{d (X, Xn, ), max {m(xm,, x, )} —d(A,B)} < khj?o max{d(Xmy, X, ), A Xy Xy, ), A(Xny, Xy, 1)} = €.

On letting k — oo in (18), it follows that

¢le) _ 4,
0< w < ]}gl;loﬁ(¢(M(xmk'x”k))) <1

thus,
lim ﬁ(‘l)(M(xmk/ xﬂk))) =1

k—o0

Since B € F, we have
kh_)rro\o (max{d (xn, Xmy ), d(Xmy, Xmy 1), d(Xny, Xny,y)}) = 0.

This yields, by continuity of ¢, that
(P( lim (max{d(Xnk, ka)/ d(xmk/ xmk+1 )I d(xnkl xnk+1 )})) = 0’

k—o0

i.e., ¢(e) = 0 and hence € = 0, a contradiction. Hence {x,} is a Cauchy sequence. By the completeness of X
and closed property of A, there exists x* € A such that lgn x, = x*. Since T is continuous, from (4), we obtain
n—0o00

d(A,B) = ligld(xnﬂ, Txy) = d(x*, Tx"),
n

hence x* is the best proximity point of T.
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We now show the uniqueness of best proximity point. Suppose that u and v are the two distinct best
proximity points of T. Since d(u, Tu) = d(A, B) = d(v, Tv), by weak P-property of the pair (A, B), we get

d(u,v) < d(Tu, Tv). (19)
Now, we consider

@(d(u, Tu)) < ~d(u, Tu) < 2d(u, Tu) = 2d(A, B). (20)

1
2
From (20), we have that

¢(d(u, Tu)) —2d(A,B) <0 < a(u,v)d(u,v).

By (1) and (19), it follows that

SN —~
—~
=
RS
(s}
S—
RSy
El
1)
X
—~
[
—
RS
s
:_/
)
X
AN
3
—
RS
(s}
S—
—
|
2
—
>
es]
SN—
—
S—

a contradiction. Hence u = v. O

Example 2. Let X = R2, A = [0,00) x {1}, B = [0,00) x {0}, A9 = [0,1] x {1} and By = [0,1] x {0}. We
define d by d((x1,%2), (y1,¥2)) = /(x1 —y1)? + (x2 — y2)? for all (xq,x2), (y1,y2) € Xandamap T: A — B
by

| (3%,0) if x € [0,1]
Tx1) = { (3x—1,0) ifx>1

We also define functionsa : A x A — [0,00), B:[0,00) — [0,1),and¢ : [0,00) — [0, 0) by

«((p.q), (1,5)) :{ 2 if (p,q), (r,s) € [0,1] x {1}.

0 otherwise,

0 ift =0,
t) =
Alt) {sztt ift >0,

and

it ift€0,1]
—) 2 v
4’(t)_{ L ift > 1.

1+t

Clearly, T(Ap) C By, d(A,B) = 1and T is continuous. We choose xo = (3,1) and x; = (1, 1) such that
d(xq, Txg) = d(A,B) and a(xp, x1) > 2. Now, let (x,1), (y,1), (1,1), (v,1) € A such that

a((x,1),(v,1)) 22,
d((u,1),T(x,1
v,1),T(y,1)

d(A,B) =1 1)
— d(A,B) = 1.

From (21), we obtain x,y € [0,1], u = Jx € [0,3], v = 3y € [0,%] and hence d((u,1),(v,1)) <
d(T(x,1),T(y,1)). Therefore, the pair (A, B) satisfies the weak P-property. Also, a((u,1),(v,1)) > 2. Hence T
is x—proximal admissible. Clearly, T is a triangular a —proximal admissible with respect to #((x,1), (y,1)) = 2.

~— —
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Now, we show that T is a modified Suzuki-Edelstein-Geraghty proximal contraction mapping. Let
(x,1), (y,1) € [0,1] x {1}, then a((x,1), (y,1)) = 2. Without loss of generality assume that x > y. Now,
we consider

max {d ((x,1),(y,1)), max{m(( 1),(y,1))} —d (A B)}
= max {d (1), (1,1)), max {4((x1),T (5,1)),4((5,1), T (5, 1))} —d(4,B)}
—max{d((x 1), 1) max{ ( <;x,0)>,d<(y,1),(;y,0>)}—1}
:max{d((x,l),(y, ), {d ((x,l),(éx,O))}l}
<max{d (1), 0,1, {2 (@), (350)) }}

=d <(x,1) , (;x,0>> .

Also we consider

¢ (d((x,1),T(x1)))

IN

(1), T (1) = 34 (1), (5,0)) <24 (1), (3.0))

(d M+ (1) (30))) <2(2=n.6m+2((31).(3:9))

2d ((x,1), (y, ))+2d(A,B).

Hence ¢(d((x,1),T(x,1))) — 24(A,B) < 2d((x,1),(s,1)) = a((x,1), (5, 1)d((x,1), (5,1)). By (1), it
follows that

1
2

| /\

N

(x =y)? = ¢(d((T(x,1), T(y,1)))) < a((x,1), (y,1))p(d((T(x,1), T(y,1))))
)

)
< B(¢(M((x, 1), (v, 1)))) p(max{d((x, 1), (y, 1)), max{m((x,1), (y,1))} — d(A, B)})
< ¢p(max{d((x,1), (y,1)), max{m((x,1), (y, 1))} —d(A, B)})

Va2 +1
= p(d((x,1), (33,0))) = - ——
1+ 4/ix2+ 1

Therefore, T is a modified Suzuki-Edelstein-Geraghty proximal contraction mapping. The point (0,1) €
Ay is the unique best proximity point of T.

If ¢(t) =t forall t > 0, in Theorem 3, we have the following corollary.

Corollary 1. Suppose that A and B are two non-empty closed subsets of a complete metric space (X,d) with Ao
is non-empty. Assume that x : A x A — [0,00) is a function and there exists p € F. If T : A — Bbea
non self-mapping such that for all x,y € A, ¢(d(x,Tx)) —2d(A,B) < a(x,y)d(x,y) impliesa(x,y)d(Tx, Ty)
B(M(x,y))max{d(x,y), m(x,y) — d(A,B)}, where M(x,y) = max{d(x,y),d(x,Tx),d(y,Ty)}, m(x,y)
max{d(x, Tx),d(y, Ty)} and ¢ € ®, with the following conditions hold:

I IA

1. T(Ao) C By and the pair (A, B) satisfies the weak P-property,
2. T is triangular a-proximal admissible with respect to n(x,y) = 2,

3. T is continuous,
4. there exist xg, x1 € A such that d(x1, Txg) = d(A, B) and a(xg,x1) > 2,

then T has a unique best proximity point in Ayp.

We can prove the existence and uniqueness of best proximity point by replacing the continuity assumption
with RJ-property in Theorem 3.
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Theorem 4. Let (X, d) be a complete metric space and A and B be non-empty closed subsets of X with Ay is non-empty.
If T : A — B be a modified Suzuki-Edelstein-Geraghty proximal contraction mapping such that the following conditions
hold:

1. T(Ag) C By and the pair (A, B) satisfies the weak P-property,

2. T is triangular a-proximal admissible with respect to 17(x,y) = 2,

3. T has the R]-property and assume that «(x,y) > 2 forall x,y € A,

4. there exist xo,x1 € A such that d(x1, Txg) = d(A, B) and a(xo,x1) > 2,

then T has a unique best proximity point in Ay.

Proof. From the proof of Theorem 3, {x,} is cauchy such that x, — x* € A asn — oo. Since T has the
RJ-property x* € Ap. We shall prove that d(x*, Tx*) = d(A, B). From the proof of Theorem 3, we have
d(xp41, Xp+2) < d(xp, x,41) foralln € NU {0}.

Suppose d(xn, x*) < 2d(xy, Xp11) and d(x,41,x*) < 3d(x,41, X412), for some n € N. Therefore,

d(xn, Xp11) < d(xn,x°) +d(x*, x,41) < Ed(xn,xnﬂ) + Ed(xn+lrxn+2)

—_

1
d('xﬂ/ xn-i-l) + Ed(xn/ xrl-i-l) = d(xﬂ/ xn+1)r

N

a contradiction. Hence d(x,, x*) > %d(xn,xnﬂ) and d(x,41,x*) > %d(xnﬂ,xnﬁ), foralln € N.

Now, we consider
o(d(x, Tx)) < %d(xn, Tit) < (2, Tn) < d(xn, Xns1) + d(ns1, Txn)
< 2d(xy,x*) +d(A,B) <2d(x,,x")+2d(A, B).
From the above inequality, we obtain
o(d(xn, Txp)) —2d(A, B) < 2d(xp, x*) < a(xy, x")d(xy, x*).
Since x, € AVn € Nand x* € A, we obtain a(x,,, x*) > 2. Thus from (1), it follows that

¢(d(Txy, Tx™)) (xn, x*)p(d(Txn, Tx™))

¢(M(xn/x*)))¢(max{d(xnrx ),m(xn, x*) —d(A,B)})

x*), max{m(x,,x*)} —d(A,B)})

maX{d X, X*), max{d(xn, Xy 41) +d(xp11Txn), d(x*, Tx*)} —d(A,B)})
),

max{d(x,, x*), max{d(xy, x,41),d(x*, Tx*) — d(A, B)}}). (22)

Letting n — oo in (22), we obtain
(p(nlgr(}od(Txn,Tx*)) < ¢(d(x*, Tx*) —d(A,B)). (23)
Since d(x*, Tx*) < d(x*, x,41) + d(xp41, Txn) + d(Tx,, Tx*), we get
d(x*, Tx*) —d(x41, Txy) < d(x*,xy101) +d(Txy, Tx*).
From the property of ¢, it follows that
¢(d(x*, Tx*) — d(xp11, Txn)) < p(d(x*, xy41) + d(Txn, Tx™)).

Hence

¢(d(x*, Tx*) —d(A,B)) < (p( n d(Toxy, Tx ))- (24)
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By (23) and (24), we have
¢(d(x*, Tx*) —d(A,B)) < qb(nli_{r(}od(Txn,Tx*)) < ¢(d(x*, Tx*) —d(A,B)),

a contradiction. Hence d(x*, Tx*) = d(A, B). Therefore, x* is the best proximity point of T. Uniqueness follows
from the proof of Theorem 3. O

If we take ¢(t) = t for all t > 0, in Theorem 4, we have the following corollary.

Corollary 2. Suppose that A and B are two non-empty closed subsets of a complete metric space (X, d) with Ay is
non-empty. Further suppose that o : A x A — [0,00) is a function and there exists p € F. If T : A — B be a non
self-mapping such that for all x,y € A, we have ¢(d(x, Tx)) —2d(A,B) < a(x,y)d(x,y) implies a(x,y)d(Tx, Ty) <
B(M(x,y))max{d(x,y), m(x,y) — d(A,B)}, where M(x,y) = max{d(x,y),d(x,Tx),d(y,Ty)}, m(x,y) =
max{d(x, Tx),d(y, Ty)} and ¢ € P, with the following conditions hold:

1. T(Ao) C By and the pair (A, B) satisfies the weak P-property,

2. T is triangular a-proximal admissible with respect to n(x,y) = 2,

3. T has the R]-property and assume that «(x,y) > 2 forall x,y € A,

4. there exist xg, x1 € A such that d(x1, Txg) = d(A, B) and a(xg,x1) > 2,

then T has a unique best proximity point in Ayp.
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